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Abstract

We show that curve enumeration invariants of complex threefolds with nef anti-
canonical bundle are determined by their values on local curves. This implies the
MNOP conjecture of Maulik, Nekrasov, Okounkov, and Pandharipande relating Gromov–
Witten and Donaldson–Pandharipande–Thomas invariants, for all complex threefolds
with nef anti-canonical bundle (in particular, all Calabi–Yau threefolds) and primary
insertions (no descendents), given its known validity for local curves due to Bryan,
Okounkov, and Pandharipande. The main new technical ingredient in our work is a
generic transversality result for holomorphic curves in complex manifolds. Due to the
rigidity of complex structures, this result is necessarily weaker than the corresponding
generic transversality property for holomorphic curves in almost complex manifolds.
Despite this weaker nature, it is enough to obtain our main result by following the
proof of the Gopakumar–Vafa integrality conjecture by Ionel and Parker.

1 Introduction

There are many ways of enumerating curves in complex threefolds [40]. These invariants turn
out to satisfy some surprising relations which appear to have no straightforward explanation.
In fact, according to Pandharipande–Thomas [39], the multitude of existing computations
suggest that all reasonable curve enumeration theories for complex threefolds are equivalent,
despite arising from quite varied geometric origins.

A folk conjecture offers an explanation of this phenomenon: a complex threefold should
be ‘enumeratively equivalent’ to a linear combination of local curves (rank two vector bundles
over smooth proper curves). We provide a precise formulation and proof of this conjecture for
complex threefolds with nef anti-canonical bundle. That is, we define a certain Grothendieck
group of 1-cycles in complex threefolds (with nef anti-canonical bundle) (Definition 1.1), and
we show that this group is freely generated by local curves (Theorem 1.2).

This result and its proof were inspired by the proof of the Gopakumar–Vafa integrality
conjecture by Ionel–Parker [19]. They showed that Gromov–Witten invariants of almost com-
plex threefolds are integer linear combinations of Gromov–Witten invariants of local curves,
which were known to satisfy Gopakumar–Vafa integrality by work of Bryan–Pandharipande
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[9]. Their argument may be interpreted as a proof that a certain Grothendieck group of
1-cycles in almost complex threefolds with nef anti-canonical bundle is freely generated by
local curves (after completing by genus, later removed by Doan–Ionel–Walpuski [12]). The
core technical fact underlying the work of Ionel–Parker is generic transversality : for generic
almost complex structures, all simple pseudo-holomorphic maps from compact Riemann sur-
faces are unobstructed. The main technical ingredient in our work is a generic transversality
result in complex analytic geometry (necessarily weaker than its analogue in almost complex
geometry), which may be of independent interest (see Section 1.3).

According to our main result, an identity between curve enumeration invariants is valid
for all complex threefolds with nef anti-canonical bundle iff it is valid for local curves. For
example, we may immediately conclude that the conjecture of Maulik–Nekrasov–Okounkov–
Pandharipande [30, 31] relating Gromov–Witten and Donaldson–Thomas/Pandharipande–
Thomas invariants holds for complex threefolds with nef anti-canonical bundle and primary
insertions (Theorem 1.7), since it has been known for some time to hold for local curves by
the work of Bryan–Pandharipande [9] and Okounkov–Pandharipande [37]. Of course, this
is unlikely to be the only application. It is natural to ask whether our framework could
be applied to the invariants of Maulik–Toda [34] or to the K-theoretic Gromov–Witten
invariants of Givental [16] and Y.P. Lee [28] (and, specifically, the work of Jockers–Mayr [20]
and Chou–Lee [10]).

The present ‘use generic transversality to reduce to the case of local curves’ strategy
has two main drawbacks. First, it relies fundamentally on the nef anti-canonical bundle
hypothesis (via the dimension count in Lemma 6.3), while most (all?) (including conjectural)
identities between curve enumeration invariants do not require this hypothesis. Second, it
provides no insight as to why a given identity between curve enumeration invariants should
hold. Progress on either front would be of exceptional interest; in particular, direct geometric
arguments for identities between curve enumeration invariants remain valuable.

1.1 Universal enumerative invariant

Let us now sketch the definition of the ‘universal curve enumeration invariant’ and the
‘Grothendieck group of 1-cycles in complex threefolds’ H∗c (Z/Cpx3) in which it is valued
(a thorough treatment is given in Section 3). The reader should keep in mind that this
discussion is little more than formal nonsense. The content comes later, in the form of our
main result computing the Grothendieck group of semi-Fano 1-cycles H∗c (ZsF/Cpx3).

Given a morphism of (reasonable) topological spaces π : W → B, we may consider
‘cohomology of B with coefficients in fiberwise chains rel infinity on W → B’, denoted
Hrel∞
∗ (W/B) = H∗(W, (W → B)∗(B → ∗)!Z). Dually, ‘homology of B with coefficients in

fiberwise compactly supported cochains on W → B’ is denoted H∗c (W/B) = H∗c (W, (W →
B)!(B → ∗)∗Z). These sort of ‘mixed groups’ associated to a map W → B, taking homology
in one direction and cohomology in the other, are called ‘bivariant theories’, see for example
Fulton–MacPherson [15] and Section 2.2 below.

Given a (not necessarily proper) family of threefolds X → B, we denote by Z(X/B)→ B
the space of compact (complex) 1-cycles in the fibers of X → B. That is, a point of Z(X/B)
over b ∈ B is a finite formal non-negative integer linear combination z =

∑
imiCi of compact

irreducible 1-dimensional subvarieties Ci ⊆ Xb.

2



Definition 1.1 (see also Definition 3.1). The Grothendieck group of 1-cycles in complex
threefolds is the directed colimit

H∗c (Z/Cpx3) := colim−−−→
X→B

H∗c (Z(X/B)/B) (1.1)

over all (not necessarily proper) families of complex threefolds X → B over (complexified)
finite simplicial complexes B. Dually, a (naive) curve enumeration theory (for complex
threefolds) is a class in the limit Hrel∞

∗ (Z/Cpx3)naive := limX→BH
rel∞
∗ (Z(X/B)/B).

The notation H∗c (Z/Cpx3) is short for H∗c (Z(Univ3/Cpx3)/Cpx3), as we imagine that it
is the bivariant group H∗c of the relative cycle space Z(Univ3/Cpx3)→ Cpx3 of the universal
family Univ3 → Cpx3 of the moduli stack Cpx3 of complex threefolds.

A ‘curve enumeration theory’ in this sense is thus a specification of a ‘relative virtual
fundamental class’ in Hrel∞

∗ (Z(X/B)/B) for every family of complex threefolds X → B
over a finite simplicial complex B, compatible with pullback. Concretely speaking, a cycle
c representing a class in Hrel∞

∗ (Z(X/B)/B) consists of a cycle cv on Z(Xv) for every vertex
v in B, a chain ce on Z(Xe/e) with boundary ∂ce = cv − cv′ for every edge e : v → v′ in B,
etc. For example, we shall see that the usual Gromov–Witten relative virtual fundamental
class is naturally a class in Hrel∞

∗ (Z/Cpx3;Q((u))).
An element of the Grothendieck group of 1-cycles may be thought of as a ‘curve enumer-

ation problem’ (or an ‘insertion’) on which any curve enumeration theory may be evaluated
to yield a number. For example, for a smooth complex projective threefold X and any class
β ∈ H2(X), the class of the characteristic function 1β ∈ H0

c (Z(X)) in H∗c (Z/Cpx3) asks
to ‘count curves in class β’; more generally, any compactly supported cohomology class in
H∗c (Z(X)) can be used to constrain the curves we ask to count. A class γ ∈ H∗c (Z(X/B)/B)
asks to count curves in fibers of the family X → B, constrained by γ. Note that we consider
families X → B which are not necessarily proper: all the ‘compactness’ necessary to have
a well-behaved enumerative problem is encoded by the ‘compact support’ condition in the
definition of the bivariant group H∗c .

The choice of ‘finite simplicial complexes’ as the class of base spaces B used to define
the Grothendieck group H∗c (Z/Cpx3) in Definition 1.1 may appear unnatural. Do observe,
though, that for any family X → B over (say) a complex analytic space B, a choice of real
analytic triangulation of B will induce a map H∗c (Z(X/B)/B)→ H∗c (Z/Cpx3). The virtue
of simplicial complexes is that they are more amenable to the cut-and-paste operations
and local perturbations (bump functions) involved in computing the group H∗c (Z/Cpx3)
(Theorem 1.2).

The Grothendieck group H∗c (Z/Cpx3) is graded by cohomological degree i and by chern
number k (the chern number of a 1-cycle in X is its pairing with c1(TX), which is a locally
constant function on the space of 1-cycles Z).

H∗c (Z/Cpx3) =
⊕
i,k∈Z

H i
c(Z(−, k)/Cpx3) (1.2)

Given that the ‘expected dimension’ (index) of moduli spaces of curves (in complex threefolds)
of chern number k is (typically) 2k (real dimensions) and a degree i cohomology class de-
fines a codimension i constraint, it is natural to introduce the virtual dimension grading on
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H∗c (Z/Cpx3) given by 2k− i (which is a ‘homological grading’ and represents the typical vir-
tual dimension of the moduli spaces of curves that the given class in H∗c (Z/Cpx3) asks to enu-
merate). Dually, there is a bi-gradingHrel∞

∗ (Z/Cpx3)naive =
⊕

i

∏
kH

rel∞
i (Z(−, k)/Cpx3)naive

by homological degree i and chern number k, and it is natural to consider the ‘virtual codi-
mension’ grading 2k− i. The standard curve enumeration theories have virtual codimension
zero (hence yield numbers when paired against elements of H∗c (Z/Cpx3) of virtual dimension
zero).

The group H∗c (Z/Cpx3) is a bi-algebra: product corresponds to disjoint union of cycles,
while coproduct corresponds to sum of cycles. It also has bi-algebra endomorphisms given
by pulling back under the ‘multiply by d’ operation on cycles.

One could make all these same definitions for compact k-cycles in complex n-folds for any
values 0 ≤ k ≤ n. One of the significant special features of case we consider here, namely
1-cycles in 3-folds, is that the standard moduli spaces of curves in threefolds have virtual
dimension depending only on the chern number.

The reader may wonder why the colimit in Definition 1.1 yields the ‘right’ result, when
it would certainly make more sense to take a homotopy colimit instead. The answer is that
Definition 1.1 actually is a homotopy colimit, essentially due to the fact that our class of
bases is ‘homotopical’ (this is another reason why simplicial complexes are a nice class of
base spaces to work with).

1.2 Free generation by local curves

We may now state our main result, which concerns notH∗c (Z/Cpx3) but ratherH∗c (ZsF/Cpx3),
whose definition is identical except that instead of the entire space of 1-cycles Z, it considers
just the open subset of semi-Fano 1-cycles ZsF ⊆ Z, consisting of those 1-cycles

∑
imiCi all

of whose components Ci ⊆ X pair non-negatively with c1(TX).

Theorem 1.2 (see Theorems 6.13 and 7.6). The Grothendieck group of semi-Fano 1-cycles
in complex threefolds H∗c (ZsF/Cpx3) is supported in virtual dimension ≥ 0, and in virtual
dimension zero it is:

• freely generated as a Q-algebra by the equivariant local curve elements xg,m,k with g ≥ 0,
m ≥ 1, k ≥ 0, and (m− 1)k = 0, after passing to Q coefficients.

• freely generated as a Z-algebra by any choice of geometric local curve elements yg,m,k
with g ≥ 0, m ≥ 1, k ≥ 0, and (m− 1)k = 0.

The equivariant local curve elements xg,m,k ∈ H∗c (Z/Cpx3;Q) encode the S1-equivariant
enumerative problem of curves of degree m in a local curve of genus g and chern number
k (see Definition 4.7 and Proposition 4.8). They are defined for all integers g ≥ 0, m ≥ 0,
and k ∈ Z, and have canonical lifts xg,m,k ∈ H∗c (ZsF/Cpx3;Q) for k ≥ 0. The geometric
local curve elements yg,m,k ∈ H∗c (ZsF/Cpx3) are defined (but not uniquely so) for g ≥ 0,
m ≥ 1, k ≥ 0, and (m − 1)k = 0, and they encode the enumerative problem of a smooth,
isolated, and unobstructed curve of genus g and chern number k, taken with multiplicity m
(see Definition 6.6, Lemma 6.7, and Remark 6.8).

For example, Theorem 1.2 says that for any smooth projective complex threefold X with
c1(TX) = 0 and any homology class β ∈ H2(X), the element (X, 1β) ∈ H∗c (ZsF/Cpx3) is
equal to a unique polynomial in the variables xg,m,0 (the variables xg,1,k for k > 0 do not
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appear since they have positive chern number while (X, 1β) has chern number zero). It
would be interesting to compute these polynomials for various X, perhaps by lifting existing
computations of curve enumeration invariants.

Remark 1.3. The Grothendieck group of 1-cycles in complex threefolds H∗c (Z/Cpx3) is the
homology of a naturally defined spectrum (see Remark 3.7). This spectrum thus has E-
homology groups E∗c (Z/Cpx3) for any spectrum E. Recall that a spectrum E is called
connective when E(pt) (homology or cohomology, they are the same) is supported in non-
negative homological degree (that is πiE = 0 for i < 0). It follows from Theorem 1.2 and
the Atiyah–Hirzebruch spectral sequence that for any connective spectrum E, the group
E∗c (ZsF/Cpx3) is supported in non-negative virtual dimension and in virtual dimension zero
is freely generated as an E0(pt)-algebra by any choice of geometric local curve elements
(the corresponding statement for equivariant local curve elements is ‘not interesting’ since
it requires rationalizing, which destroys any information captured by taking E-homology
instead of singular homology).

Theorem 1.2 is not the final word on the structure of enumerative invariants of com-
plex threefolds with nef anti-canonical bundle. Specifically, one could ask for the product
expansion of Ionel–Parker [19] in the complex setting:

Conjecture 1.4. For any complex projective Calabi–Yau threefold X, the element (X, t[·]) ∈
H0
c (ZsF/Cpx3)[[tH2(X)]] is an infinite product

∏
β

∏
g≥0 fg(t

β)eβ,g(X) for unique integer invari-
ants eβ,g(X) ∈ Z, where fg(t) =

∑
m≥0 xg,m,0t

m.

Such a result is perhaps deducible from the result of [19] by comparing H∗c (ZsF/Cpx3) and
H∗c (ZsF/ACpx3) via Theorem 1.2 and an almost complex analogue thereof. Alternatively,
one could ask to define and compute another flavor of Grothendieck group of 1-cycles which
keeps all cycles with the same support ‘together’ and in which a decomposition of X into
(local curve?) generators naturally encodes the statement of Conjecture 1.4.

While a favorable comparison between H∗c (ZsF/Cpx3) and H∗c (ZsF/ACpx3) seems rather
tractable, the following conjecture is rather wild:

Conjecture 1.5. The map H∗c (Z/Cpx3)→ H∗c (Z/ACpx3) is an isomorphism.

Unfortunately, we see no particular reason why the group H∗c (Z/Cpx3) should be under-
standable. The most interesting question is probably whether there exists a modification of
this group H∗c (Z/Cpx3) for which an analogue of Theorem 1.2 holds and which can be used
to study enumerative invariants of general (not necessarily having nef anti-canonical bundle)
complex threefolds.

1.3 Generic transversality

Now let us have a discussion of the main ideas going into the proof of Theorem 1.2 (without
which the rest of this Introduction would amount to little more than wishful thinking).

Theorem 1.2 is, at its core, a transversality assertion. We perturb the target X con-
taining the 1-cycles we wish to count, and by choosing this perturbation generically we
reduce our enumerative problem to a finite sum of enumerative problems each supported on
a single smooth curve which is unobstructed in some sense. We then use a filtration (by
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multiplicity) argument to show that such ‘geometric local curve’ enumerative problems are
related (by some ‘upper triangular’ change of basis) to the ‘equivariant local curve’ enumer-
ative problems. This outline is precisely the strategy taken by Ionel–Parker [19] to prove
the Gopakumar–Vafa integrality conjecture using generic transversality for almost complex
structures. The contribution of this text is to formulate a generic transversality result for
complex structures and to show how it may be applied to complex analytic enumerative
problems (there is currently no satisfactory theory of sheaf-theoretic enumerative invariants,
such as Donaldson–Pandharipande–Thomas invariants, in the almost complex setting).

Generic transversality is a familiar and elementary aspect of almost complex geometry.
Almost complex structures are very flexible (they have a large space of local perturbations),
which ensures that for a generic almost complex structure, all (compact) simple pseudo-
holomorphic curves are unobstructed. Complex structures are much more rigid, and a com-
pact complex manifold may fail to have any nontrivial deformations at all! So, to rescue the
statement of generic transversality, we weaken it: we first fix a curve C ⊆ X, and then we
ask to perturb just a small open neighborhood of C (throwing away the rest of X) to make
all curves inside this neighborhood unobstructed. Now a small neighborhood of a curve in
any complex manifold has plenty of deformations, from which this generic transversality for
complex structures claim follows easily.

Now if we try to apply this complex analytic generic tranversality fact to an enumerative
problem, it appears (at first glance) much too weak to gain any leverage at all. Curves in
a fixed (say, projective) target X typically move in high-dimensional families throughout all
of X, even if they lie in a moduli space of ‘expected dimension’ zero (indeed, this is the
‘problem’ that we are trying to use generic transversality to solve!). A perturbation of just a
small neighborhood of a fixed curve C ⊆ X gives us a well-behaved moduli space of ‘curves
near C’, but to understand the entire enumerative problem, we need to patch together these
local perturbations somehow. In a sense, we want to ‘perturb the target X as a function of
the curve C ⊆ X we are counting’ (circular though this may sound).

A nice way to make this idea precise is to use what can be called the ‘graph trick’. Suppose
we are asked to enumerate curves in a family X → B with an insertion γ ∈ H∗K(Z(X/B)/B)
supported on a compact set K ⊆ Z(X/B). By introducing n more degrees of freedom
y ∈ Rn (that is, replacing X → B with its stabilization X × Rn → B × Rn) and imposing
the codimension n constraint y = 0 specifying that these new coordinates must equal zero,
we get an equivalent enumerative problem, now supported on K × 0 ⊆ Z(X/B) × Rn. So
far we have done nothing at all, but now we observe that we could instead impose the
enumeratively equivalent constraint y = f(z) for some function f : Z(X/B) → Rn, and
then our new insertion is supported on the graph of f |K inside Z(X/B)× Rn, which maps
injectively to the base B × Rn provided we choose f |K to be an embedding. We conclude:
every curve enumeration problem is equivalent to one whose insertion γ ∈ H∗K(Z(X/B)/B)
is supported on a compact set K ⊆ Z(X/B) mapping injectively to the base B. Now for such
an insertion γ, we can (at least plausibly) get some mileage out of (complex analytic) generic
transversality, since the constraint γ localizes the counting problem around at most a single
1-cycle in every fiber of X → B (and thus we can trim away all but a small neighborhood of
these 1-cycles from X, leaving us with a family of neighborhoods of 1-cycles, to which we can
now plausbily apply complex analytic generic transversality). Note how the weaker nature of
complex analytic generic transversality compared to almost complex generic transversality
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has forced us into the setting of family invariants (i.e. over a nontrivial base space B), while in
the setting of almost complex generic transversality, Ionel–Parker [19] only need to consider
0- and 1-parameter families of almost complex manifolds.

To apply complex analytic generic transversality to a curve enumeration problem γ ∈
H∗K(Z(X/B)/B) for compact K ⊆ Z(X/B) injecting to B, there is yet one more issue to
resolve. The statement of complex analytic generic transversality involves deformations of a
neighborhood of a curve C ⊆ X by a certain ‘regluing’ operation supported near a (germ of)
smooth divisor D ⊆ X intersecting C in a finite set which meets every irreducible component
of C (we say such a divisor controls C). While the existence of a controlling divisor for a
single curve C ⊆ X is trivial, the same cannot be said for a family of curves K ⊆ Z(X/B) in
a family X → B (even given injectivity of K → B). A controlling (relative) divisor certainly
exists locally on B, but a priori the divisors chosen for different open neighborhoods in
B could intersect (which prevents us from using them to deform X simultaneously, as we
need to do). A nontrivial inductive argument (induction on the dimension of K) is required
to see that such divisors together controlling all of K can indeed be chosen to be disjoint
(we call this ‘enough divisors’ Proposition 5.10). Note that since our divisors only exist
locally on B, we need a large supply of real analytic bump functions on B to write down the
requisite divisorial deformations, and to do this we replace B with a very fine real analytic
triangulation thereof.

We have now finally shown that an arbitrary curve enumeration problem is equivalent
to one supported inside the open locus of interior semi-regular 1-cycles (that is, the set
of 1-cycles z =

∑
imiCi which are semi-regular, meaning

⊔
i C̃i → X is unobstructed in a

strong sense, see Definition 5.1, and for which all nearby 1-cycles z′ are also semi-regular).
In fact, this argument shows that map from the Grothendieck group of interior semi-regular
1-cycles to the Grothendieck group of all 1-cycles is an isomorphism (see Theorem 5.15).

Now we may use this result to study the Grothendieck group of semi-Fano 1-cycles.
The locus of interior semi-regular semi-Fano 1-cycles has dimension bounded by its virtual
dimension (see Lemma 6.3), from which it follows that the Grothendieck group of such 1-
cycles is supported in virtual dimension ≥ 0 and is generated in virtual dimension zero by
Poincaré duals of smooth points, which are the so-called ‘geometric local curve elements’.
While the geometric local curve elements are in general rather complicated (see Remark
6.8), they become simple (and agree with the equivariant local curve elements) if we pass to
the associated graded of the filtration of the cycle space Z by multiplicity (Definition 2.1,
Lemma 4.14, and Proposition 6.10). This proves the generation part of Theorem 1.2.

We expect that one can derive the full strength of Theorem 1.2 (free generation) by
continuing this geometric reasoning (see Remark 6.14), but instead we opt for an algebraic
argument to deduce free generation (see Section 7).

1.4 MNOP correspondence

Now let us explain how Theorem 1.2 may be used to verify the primary insertions case of the
conjecture of Maulik–Okounkov–Nekrasov–Pandharipande [30, 31] for complex threefolds
with nef anti-canonical bundle (regarding descendents, see Question 1.9).

The original ‘MNOP’ conjecture of Maulik–Nekrasov–Okounkov–Pandharipande [30, 31]
relates Gromov–Witten and Donaldson–Thomas invariants of projective threefolds. Pandharipande–
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Thomas [39] introduced a variant of Donaldson–Thomas invariants which is easier to work
with and conjectured a relation between the two, which was later proven by Bridgeland [8].
Given this equivalence, the MNOP conjecture may be stated as a relation between Gromov–
Witten and Pandharipande–Thomas invariants, and it is this form of the conjecture that we
will consider here.

Gromov–Witten invariants and Donaldson–Pandharipande–Thomas invariants describe
curves in fundamentally different ways: Gromov–Witten moduli spaces describe curves in
X as images of maps from nodal domain curves to X, whereas Donaldson–Pandharipande–
Thomas moduli spaces describe curves in X as zero sets of functions on X. These moduli
spaces agree on the set of smooth embedded curves C ⊆ X, but are rather different com-
pactifications of this space. The MNOP conjecture is interesting because there is no known
or even proposed geometric relation between these two different ways of compactifying.

Let us briefly recall the definition of Gromov–Witten and Pandharipande–Thomas in-
variants, leaving a more detailed discussion to Section 3.5. Given a complex projective
threefold X, a homology class β ∈ H2(X), and cohomology classes γ1, . . . , γr ∈ H∗(X),
these invariants have the form

GW(X, β; γ1, . . . , γr) =

∫
[M′(X,β)]vir

r∏
i=1

π!ev∗γi · u−χ ∈ Q((u)), (1.3)

PT(X, β; γ1, . . . , γr) =

∫
[P (X,β)]vir

r∏
i=1

π!(ch2(F) ∪ ev∗γi) · qn ∈ Z((q)). (1.4)

For Gromov–Witten invariants, M′(X, β) is the moduli space of stable maps from (not
necessarily connected) nodal curves C to X, in homology class β, all of whose connected
components are non-constant, and χ denotes the arithmetic Euler characteristic 2 ·χ(C,OC)
of the domain (locally constant, proper superlevel sets). For Pandharipande–Thomas invari-
ants, P (X, β) denotes the moduli space of stable pairs in homology class β, and n denotes
the holomorphic Euler characteristic (locally constant, proper sublevel sets). The integrands
are given by push/pull via the universal families over these moduli spaces. More generally,
we could consider the family invariants

GW(X/B; γ) =

∫
[M′(X/B)]vir

γ · u−χ ∈ Q((u)), (1.5)

PT(X/B; γ) =

∫
[P (X/B)]vir

γ · qn ∈ Z((q)), (1.6)

for any relative dimension three smooth morphism of varieties X → B and any com-
pactly supported cohomology class γ ∈ H∗c (Z(X/B)/B). These reduce to the invariants
of (X, β; γ1, . . . , γr) defined above in the case B = ∗ and γ = 1β

∏
i π!ev∗γi ∈ H∗c (Z(X)) (see

Section 3.5 for more details).
Now let us say that a pair of formal Laurent series GW ∈ Q((u)) and PT ∈ Z((q))

satisfies the MNOP correspondence with weight k when PT is a rational function of q and
the evaluation of (−q)−k/2PT at −q = eiu equals (−iu)kGW.

Conjecture 1.6 ([30, 31, 39]). For any projective threefold X, any homology class β ∈
H2(X), and any tuple of cohomology classes γ1, . . . , γr ∈ H∗(X), the invariants

GW(X, β; γ1, . . . , γr) and PT(X, β; γ1, . . . , γr) (1.7)
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satisfy the MNOP correspondence with weight k = 〈c1(TX), β〉. More generally, so do
GW(X/B; γ) and PT(X/B; γ) for any relative dimension three smooth morphism of varieties
X → B and any γ ∈ H∗c (Z(X/B)/B) of chern number k.

Conjecture 1.6 is known in many cases, essentially by computing both sides of the equality.
The case of (equivariant invariants of) local curves holds by deep calculations of Bryan–
Pandharipande [9] (of Gromov–Witten invariants) and Okounkov–Pandharipande [37] (of
Donaldson–Thomas invariants and, by [33, Section 5], Pandharipande–Thomas invariants).
Work of Maulik–Oblomkov–Okounkov–Pandharipande [32] established the conjecture for
toric varieties by direct computation of both sides. Work of Pandharipande–Pixton [38]
showed the result for many threefolds (e.g. complete intersections in products of projective
spaces) by degeneration to the toric case.

To bring Theorem 1.2 to bear on Conjecture 1.6, we note that Gromov–Witten invariants
and Pandharipande–Thomas invariants define ring homomorphisms out of the Grothendieck
group

GW : H∗c (Z/Cpx3)→ Q((u)) (1.8)

PT : H∗c (Z/Cpx3)→ Z((q)) (1.9)

(see Section 3.5). Conjecture 1.6 amounts to the assertion that these homomorphisms sat-
isfy the MNOP correspondence with weight k when evaluated on certain elements of the
Grothendieck group of 1-cycles H∗c (Z/Cpx3) of chern number k.

Theorem 1.7. For any element γ ∈ H∗c (ZsF/Cpx3) of chern number k, the power series
GW(γ) and PT(γ) satisfy the MNOP correspondence with weight k. In particular, Conjecture
1.6 holds if X (or, more generally, every fiber of X → B) is semi-Fano (meaning the
evaluation of c1 on every curve is ≥ 0).

Proof. The results of [9, 37] imply that GW and PT satisfy the MNOP correspondence with
weight k when evaluated on any equivariant local curve element xg,m,k (see Corollary 4.9).
By Theorem 1.2 (or just the surjectivity part, Theorem 6.13), this implies they satisfy the
MNOP correspondence (weighted by chern number) on all of H∗c (ZsF/Cpx3) (note that, for
degree reasons, GW and PT are only nonzero on the virtual dimension zero part of this
group).

This approach to Conjecture 1.6 is similar in spirit to [38] in that in essence we deform to
a simpler situation (specifically, a disjoint union of local curves) where the result is already
known (and the strength of Theorem 1.2 allows us to obtain a stronger result from a weaker
input). Note that our result applies to family enumeration problems, while these are mostly
inaccessible by other degeneration/deformation arguments.

Remark 1.8. The definition of the Gromov–Witten and Pandharipande–Thomas invariants
on the Grothendieck group H∗c (Z/Cpx3) (that is, the ring homomorphisms (1.8)–(1.9)) as
used in the proof of Theorem 1.7 requires a definition of the moduli spaces of stable maps
M′(X/B) and stable pairs P (X/B) for arbitrary separated submersions of reduced complex
analytic spaces X → B of relative dimension three (see Sections 3.4–3.5). While the standard
constructions of these moduli spaces assume that X → B is a smooth separated morphism
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of schemes over C, we believe that there is no essential difficulty in translating everything
to the complex analytic setting by substituting the theory of Douady spaces [13] in place of
the theory of Hilbert schemes. Unfortunately, we do not know a reference for this.

The case of descendent insertions is conspicuously missing from this discussion. We do
not know whether Theorem 1.7 says anything about descendent insertions:

Question 1.9. How many descendent insertions arise via pullback under the mapsM′(X)→
Z(X) and P (X) → Z(X) (as the primary insertions do)? Does U(X/B) carry any non-
trivial natural (i.e. compatible with pullback) cohomology classes ξ, and, if so, how are the
resulting insertions π!(ξ ∪ ev∗γ) related to descendents? Is there an enhancement of Z(X)
which receives maps from M′(X) and P (X) and for which the answer to these questions is
better?
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2 Background

2.1 Spaces of 1-cycles

A (compact holomorphic) 1-cycle z on a complex analytic manifold X is a formal non-
negative integer linear combination of irreducible compact 1-dimensional subvarieties C ⊆ X.
Such a cycle will usually be written as a finite sum z =

∑
imiCi where it is implicitly assumed

that the Ci ⊆ X are distinct irreducible curves and all mi > 0. The set of such 1-cycles is
denoted Z(X) (more systematically, this would be denoted Z1(X), but we will not consider
r-cycles Zr(X) for any r other than 1 in this text, so we drop the subscript from the notation).

The chern number of a cycle refers to its pairing with c1(TX), so the chern number of
z =

∑
imiCi is 〈c1(TX), z〉 =

∑
imi〈c1(TX), Ci〉. A cycle z =

∑
imiCi is called semi-Fano

when all Ci have non-negative chern number (it bears emphasis that this is strictly stronger
than z itself having non-negative chern number). We denote by Z(X, k) ⊆ Z(X) the set of
cycles with chern number k, and we denote by Z(X)sF ⊆ Z(X) the set of semi-Fano cycles.
We also denote by Z(X, β) ⊆ Z(X) the set of cycles in homology class β ∈ H2(X) (which,
we should warn, somewhat conflicts with the notation Z(X, k) for cycles of chern number
k).

The set Z(X) can be given the structure of a separated reduced complex analytic space
due to work of Barlet [3] (by ‘complex analytic space’ we mean locally an analytic subspace of
an open set in CN for someN <∞); this is a complex analytic analogue of the theory of Chow
varieties. By definition, an analytic map A→ Z(X) from a reduced complex analytic space
A is a family of 1-cycles {za ∈ Z(X)}a∈A which satisfies the following analyticity condition
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[3, Chapitre 1, §1, Définition fondamentale]. First, we ask that a 7→ za be continuous in the
Hausdorff topology on compact subsets of X (concretely, this means that every a ∈ A has a
small neighborhood over which the cycles za′ are all contained in any given neighborhood of
za and intersect any given neighborhood of any given point of za). Second, we ask that for
any chart D×D2 ⊆ X (where D ⊆ C denotes the closed unit disk), the map

A× D◦ →
⊔
k

Symk C (2.1)

(a, q) 7→ f(za ∩ ({q}×D2)) (2.2)

(intersection taken with multiplicity) where f : D × D2 → C is any analytic function,
should be analytic over the open set of (a, p) for which za ∩ ({q}×∂(D2)) = ∅, where
analytic with target Symk C just means its composition with any symmetric polynomial
Ck → C is analytic. For any analytic family of cycles {za ∈ Z(X)}a∈A, the ‘total space’⋃
a{a}×za ⊆ A×Z is a closed analytic subvariety (and, conversely, when A is normal,

specifying an analytic family of cycles {za ∈ Z(X)}a∈A is equivalent specifying its total
space inside A× Z along with multiplicities for every irreducible component thereof, see [3,
Chapitre 1, §2, Théorème 1] for a precise statement and proof). In particular, there is a
‘universal family’ U(X) ⊆ X ×Z(X).

The homology class function Z(X) → H2(X) is locally constant; that is, the locus
Z(X, β) ⊆ Z(X) of cycles in homology class β ∈ H2(X) is open (hence also closed). In
partcular, the subset Z(X, k) ⊆ Z(X) of cycles with chern number k is open (hence also
closed). The subset Z(X)sF ⊆ Z(X) is also open.

This discussion generalizes readily to the relative setting. Given a holomorphic submer-
sion X → B, we define Z(X/B) =

⋃
bZ(Xb) to be the set of cycles in fibers of X → B. It

is an open subset of Z(X), so the basic properties of Z(X) pass easily to Z(X/B).

Definition 2.1 (Multiplicity stratification). Let M =
⊔
n≥0 Zn≥1/Sn be the set of finite

multi-sets of positive integers. Partially order M by declaring that m ≥ m′ whenever we
may express every mi ∈ m as a non-negative integer linear combination mi =

∑
j nijm

′
j of

the m′j ∈ m′ in such a way that every m′j is used at least once (in other words,
∑

i nij > 0
for every j). It is evident that if m ≥ m′ then

∑
imi ≥

∑
jm
′
j; moreover, if m ≥ m′ and∑

imi =
∑

jm
′
j, then m′ is obtained from m by replacing each mi with a partition thereof.

It is now not hard to show that the relation ≥ is anti-symmetric, hence is indeed a partial
order as claimed.

There is a map Z → M assigning to each cycle z =
∑

imiCi the multi-set m of multi-
plicities mi. It is not hard to check that this map is upper semi-continuous (that is, the loci
Z≤m ⊆ Z are open): if z =

∑
imiCi is a 1-cycle and z′ =

∑
jm
′
jC
′
j is sufficiently close to

z, then looking at z′ near a smooth point of Ci yields a decomposition mi =
∑

j nijm
′
j, and

every C ′j is close to some Ci hence has some positive nij. Morever, if z′ is sufficiently close
to z =

∑
imiCi and has the same multiplicity, then z′ =

∑
imiC

′
i for some curves C ′i close

to Ci.

2.2 Bivariant theories

A bivariant theory is an invariant of maps W → B. Bivariant theories come in two dual
flavors: those which ‘take cohomology of the base with coefficients in fiberwise chains’, and
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those which ‘take homology of the base with coefficients in fiberwise cochains’. A reference
for bivariant theories is Fulton–MacPherson [15]. We take the following as our definition:

Definition 2.2. We associate to a map π : W → B the groups

H∗c (W/B) := H∗c (W,π∗ωB) = a!π!π
∗a!Z (2.3)

Hrel∞
−∗ (W/B) := H∗(W,π!ZB) = a∗π∗π

!a∗Z (2.4)

where a : B → ∗ (the sheaf functors (f ∗, f∗) and (f!, f
!) are all ‘derived’.) Of course, one

could consider any other coefficient group in place of Z.
We also, define H∗K(W/B) = H∗K(W,π∗ωB) (cohomology with supports in K) for any

compact K ⊆ W .

This definition makes sense in any context where we have the derived functors (f ∗, f∗)
and (f!, f

!) on sheaves. We will consider here the case of sheaves of complexes of abelian
groups on nice (say, locally triangulable) topological spaces (except in Appendix A where
we consider such sheaves on complex analytic stacks).

Intuitively speaking, we think of Hrel∞
∗ (W/B) as ‘cohomology of B with coefficients in

fiberwise chains rel infinity on W → B’, and we think of H∗c (W/B) as ‘homology of B
with coefficients in fiberwise compactly supported cochains on W → B’. Note that the
validity of these interpretations (specifically, the interpretation of upper shriek as homology)
relies upon the map W → B and the space B (respectively) being sufficiently nice (e.g.
finite-dimensional and separated).

We warn the reader that these groups are, in general, supported in arbitrarily positive
and arbitrarily negative degrees (for the simple reason that they combine homology and
cohomology, which are unbounded in opposite directions).

When either B is a manifold or W → B is a ‘manifold bundle’ (i.e. locally a product with
Rn for some n), then the bivariant groups Hrel∞

∗ (W/B) and H∗c (W/B) may be identified with
ordinary homology and cohomology, via a Poincaré duality type isomorphism. Precisely, if
B is an oriented manifold of dimension n, then we have canonical isomorphisms H∗c (W/B) =
H∗+nc (W ) and Hrel∞

∗ (W/B) = Hrel∞
∗+n (W ). If W → B is a relatively oriented manifold bundle

of relative dimension n, then we have canonical isomorphisms H∗c (W/B) = Hn−∗(W ) and
Hrel∞
∗ (W/B) = Hn−∗(W ).

The bivariant groups H∗c and Hrel∞
∗ have the following functoriality (references include

[21, 41]):

Definition 2.3. Fix W → B and W ′ → B′. Given a map α : B → B′ and a proper map
q : W ×B B′ → W ′ over B′, there are induced maps α∗q

∗ : H∗c (W ′/B′) → H∗c (W/B) and
q∗α

∗ : Hrel∞
∗ (W/B)→ Hrel∞

∗ (W ′/B′).

W ×B B′ W ′ W

B′ B

πB′

q

proper

β

π′ π

α

 
H∗c (W ′/B′) H∗c (W/B)

Hrel∞
∗ (W ′/B′) Hrel∞

∗ (W/B)

α∗q∗

q∗α∗

(2.5)
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The mapH∗c (W ′/B′)→ H∗c (W/B) is defined as follows. It suffices to define a map α!π
′
!(π
′)∗α! →

π!π
∗. We have the unit transformation 1→ q∗q

∗, and q∗ = q! since q is proper, which gives a
map π′!(π

′)∗ → π′!q!q
∗(π′)∗ = (πB′)!π

∗
B′ , so it is enough to define a map α!(πB′)!π

∗
B′α

! → π!π
∗.

For this, it is enough to define a map β!π
∗
B′α

! → π∗, which by the adjunction (α!, α
!) is equiv-

alent to specifying a map β!(πB′)
∗ → π∗α!. Such a natural transformation is given by the

inverse to the base change morphism π∗α!
∼−→ β!π

∗
B′ , which is an isomorphism by the Proper

Base Change Theorem. The map Hrel∞
∗ (W/B)→ Hrel∞

∗ (W ′/B′) is defined analogously: we
want a map π∗π

! → α∗π
′
∗(π
′)!α∗, which comes from combining the counit q!q

! → 1, the
isomorphism q∗ = q! from properness of q, and the natural transformation (πB′)!β

∗ → α∗π!

inverse to the proper base change morphism.
This recipe is compatible with composition for triples W → B, W ′ → B′, W ′′ → B′′,

since the proper base change morphism is compatible with composition of pullback squares.

There are canonical (commutative and associative) Künneth morphisms

H∗c (W/B)⊗H∗c (W ′/B′)→ H∗c (W ×W ′/B ×B′) (2.6)

Hrel∞
∗ (W/B)⊗Hrel∞

∗ (W ′/B′)→ Hrel∞
∗ (W ×W ′/B ×B′) (2.7)

which are isomorphisms modulo torsion (better, are isomorphisms if we use the derived
tensor product). These may be defined using the symmetric monoidal properties of the
sheaf functors (f ∗, f∗) and (f!, f

!) and proper base change.

2.3 Simplicial complexes

Recall that a simplicial complex T consists of a set V (T ) of ‘vertices’ and a set Σ(T ) ⊆
2
V (T )
fin \ {∅} of ‘simplices’ satisfying A ⊆ B ∈ Σ(T ) =⇒ A ∈ Σ(T ). The geometric

realization of a simplicial complex T is the subspace TR ⊆ RV (T ) consisting of those tuples
x : V (T )→ R≥0 satisfying

∑
v x(v) = 1 and for which suppx ⊆ V (T ) lies in Σ(T ).

A locally ordered simplicial complex is a simplicial complex T together with, for every
simplex σ ∈ Σ(T ), a total ordering of its vertices, which is compatible with inclusions of
simplices. The product of locally ordered simplicial complexes T and T ′ is another locally
ordered simplicial complex T × T ′ with vertex set V (T × T ′) = V (T )× V (T ′), and a finite
subset S ⊆ V (T )×V (T ′) is a simplex of T ×T ′ when its projections to V (T ) and V (T ′) are
simplices of T and T ′, and S is a totally ordered subset of their product (it is then equipped
with the restriction of the ordering on said product). The natural map (T ×T ′)R → TR×T ′R
is a homeomorphism (at least) when T and T ′ are both finite.

For any simplicial complex T , its barycentric subdivision bT has vertex set V (bT ) = Σ(T )
(the set of simplices of T ), and a finite subset of V (bT ) spans a simplex of bT iff it is totally
ordered (nested) as a subset of Σ(T ) (this ordering means bT is in fact a locally ordered
simplicial complex). There is a natural homeomorphism (bT )R = TR (at least) for finite
T . Iterative barycentric subdivisions become arbitrarily fine when T is finite: for any open
cover of TR, there is some n < ∞ for which every simplex of the nth iterated barycentric
subdivision bnT is contained in some element of the open cover.

There is a natural ‘bordism’ or ‘concordance’ between T and bT . It is the simplicial
complex with vertex set V (T ) t V (bT ) = V (T ) t Σ(T ) and in which a simplex is a pair of
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simplices A ∈ Σ(T ) and B ∈ Σ(bT ) for which every element of B (a vertex of bT , that is a
simplex of T ) contains A. The geometric realization of this bordism bT is naturally identified
with [0, 1] × |T | (at least for T finite). A local ordering of T induces one on this bordism,
by taking the orderings on T and bT and declaring that all vertices of T lie below vertices
of bT .

A map of simplicial complexes T → T ′ is a map on vertex sets V (T ) ↪→ V (T ′) which
sends simplices to simplices.

2.4 Complex geometry over simplicial complexes

We import simplicial complexes into complex analytic geometry as follows. For a finite
simplicial complex T , we define TC ⊆ CV (T ) to consist of those tuples x : V (T ) → C
satisfying

∑
v x(v) = 1 and for which suppx ⊆ V (T ) lies in Σ(T ). We regard TC ⊆ CV (T ) a

complex analytic subspace (defined by the ideal of all analytic functions vanishing on it) and
refer to it as the complexified geometric realization (or just complexification) of T . There is
an evident inclusion TR ⊆ TC, and for many later purposes it is the germ of TC around TR
that is most relevant.

When working with complexified simplicial complexes TC, it will be convenient to argue
over each simplex individually (for example, inductively). Here is the foundational fact which
allows us to do this:

Lemma 2.4. A (locally defined) analytic function on the union of hyperplanes {x1 · · ·xn =
0} × Cm ⊆ Cn × Cm (analytic in the sense that its restriction to each hyperplane {xi =
0} × Cm ⊆ Cn × Cm is analytic) is (locally) the restriction of a (locally defined) analytic
function on Cn × Cm.

Proof. Given f defined on the union of hyperplanes, an extension is given by the usual
inclusion-exclusion formula f̄(x1, . . . , xn, y) =

∑
∅6=S⊆{1,...,n}(−1)|S|−1f({xi}i/∈S, {0}i∈S, y) for

xi ∈ C and y ∈ Cm.

Corollary 2.5. The closed analytic subspace {x1 · · ·xn = 0}×Cm ⊆ Cn×Cm is the colimit
of the coordinate subspaces CS × 0{1,...,n}\S × Cm over proper subsets S $ {1, . . . , n}.

Proof. The universal property of being a colimit is a question about morphisms to any
complex analytic space. Since every complex analytic space is a (finite) limit of open subsets
of C, limits commute with limits, and morphisms of complex analytic spaces are of local
nature (are sheaves), it suffices to check the colimit condition on morphisms to C. That is,
we should check that the sheaf of analytic functions on {x1 · · ·xn = 0} × Cm is the limit of
the sheaves of compatible (that is, agreeing via restriction) families of analytic functions on
the coordinate subspaces CS ×C{1,...,n}\S ×Cm. Injectivity is immediate, and surjectivity is
Lemma 2.4.

Corollary 2.6. TC is the colimit of its simplices σC (over the diagram indexed by σ ∈ Σ(T )).

Proof. The assertion is local on the underlying topological space of TC, where it reduces to
Corollary 2.5.
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Definition 2.7 (Family of complex manifolds). Recall that a submersion (or smooth mor-
phism) of complex analytic spaces is a morphism X → B which is source-locally modelled
on (open subsets of) A × CN → A for complex analytic spaces A. A family (of complex
manifolds) parameterized by (or ‘over’) B is a separated submersion X → B (this term is
somewhat dubious since we have not imposed any properness condition). We shall also want
to consider families of complex manifolds parmeterized by simplicial complexes B, by which
we mean a family over the complexification BC.

Note that a family of complex manifolds over an open subset B− ⊆ B is also a family
over B. Given a family X → B over a complex analytic space B, we may wish to pull it
back to a finite simplicial complex T along a simplex-wise real analytic map to B. Note that,
according to Corollary 2.6, a simplex-wise real analytic map T → B is the same thing as a
complex analytic map TC → B defined in a neighborhood of TR. The pullback X ×B T → T
now depends on a choice of neighborhood of TR ⊆ TC over which the map to B is defined
and analytic, but when we appeal to this construction, it will be clear that this choice does
not matter.

Now let us argue that a family over a simplicial complex is the same as a compatible
collection of families over each of its simplices:

Lemma 2.8. Let T be a finite simplicial complex. The total space of a family of complex
manifolds over T is the colimit of its restrictions to each simplex. The category of families
of complex manifolds over T is equivalent (via the canonical functor) to the limit of the
categories of families of complex manifolds over each of its simplices.

Proof. Let X → T be a family. That its total space is the colimit of its restrictions to
simplices follows from Corollary 2.5 (applied in a local trivialization of X → T ).

To check that the functor is fully faithful, we should compare morphisms over TC with
compatible systems of morphisms over its simplices. That these give the same result follows
from applying the universal property of colimits to the previous assertion (the total space is
the colimit of its restrictions to simplices).

Now let us check that the functor is essentially surjective. This means that we should glue
together a system of families Xσ → σ over each simplex σ ⊆ T into a family X → T . By the
neighborhood comparison result above, we may assume that we have a single neighborhood
of TR ⊆ T aff

C and that the families Xσ → σ, the restriction isomorphisms Xσ
∼−→ Xτ |σ

for σ ⊆ τ , and the cocycle condition for σ ⊆ τ ⊆ υ exist over the intersection of σaff
C

with this neighborhood. Now we claim that the colimit of the families Xσ → σ over these
particular neighborhoods σC provides the desired family X → TC. This question is local
on the topological colimit. Locally near any point of the topological colimit, we can find
compatible local trivializations of the families Xσ → σC by induction on simplices and
applying Lemma 2.4. The colimit then exists and has the desired form by Corollary 2.5.

Given a family of complex manifolds X → B over a finite simplicial complex B, there is
an induced family bX → bB over the barycentric subdivision bB of B, obtained by pulling
back X → B under the canonical map bB → B (on geometric realizations, which, since it is
linear on each simplex, extends to their complexifications). There is moreover a concordance
between X → B and bX → bB obtained by pulling back X → B under the map to B from
the concordance between B and bB.
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3 Grothendieck group of 1-cycles

The goal of this section is to define the Grothendieck group of 1-cycles in complex threefolds
H∗c (Z/Cpx3) and to establish some of its basic properties.

3.1 Main definition

Morally speaking, we would like to define

H∗c (Z/Cpx3) = H∗c (Z(Univ3/Cpx3)/Cpx3) (3.1)

as the bivariant group H∗c (Definition 2.2) of the relative cycle space Z(Univ3/Cpx3)→ Cpx3

(see Section 2.1) of the universal family Univ3 → Cpx3 over the moduli stack Cpx3 of complex
threefolds (defined by the property that a map B → Cpx3 from any complex analytic space
B is a smooth separated morphism of relative dimension three X → B). However, we wish
to avoid the technicalities involved in making sense of the bivariant theory H∗c for complex
analytic stacks (for example, the infinite-dimensionality of Cpx3 means the description of
its homology via the a! functor needs adjustment), so we will instead take a (directed)
colimit of the groups H∗c (Z(X/B)/B) over families of threefolds X → B. For reasons
already mentioned in the Introduction, we also choose to replace what would perhaps be
the ‘default’ class of base spaces B, namely complex analytic spaces, with finite simplicial
complexes. Recall from Section 2.4 the notion of a family of complex threefolds X → B over
a simplicial complex B. For any such family, there is a relative cycle space Z(X/B)→ B as
defined in Section 2.1 (that is, take the relative cycle space of the complexification XC → BC
and then pull it back to the geometric realization BR).

Definition 3.1 (Grothendieck group of 1-cycles in complex threefolds; compare Definition
1.1). The group H∗c (Z/Cpx3) defined as the directed colimit

H∗c (Z/Cpx3) := colim−−−→
X→B

H∗c (Z(X/B)/B) (3.2)

over the category whose objects are (not necessarily proper) families of complex threefolds
X → B over finite simplicial complexes B (in the sense of Definition 2.7) and whose mor-
phisms are commuting squares

X ′ X

B′ B

(3.3)

where B′ → B is an injective map of simplicial complexes and for which the induced map
X ′ → X ×B B′ is an open embedding. Dually we define Hrel∞

∗ (Z/Cpx3)naive as the inverse
limit of Hrel∞

∗ (Z(X/B)/B) over (the opposite of) this same indexing category (due to the
non-exactness of inverse limits, this group carries the naive subscript and is slightly more
technical to work with).

Before proceeding further, we must rectify a small lie in this definition. The category
of families of complex threefolds over finite simplicial complexes is actually not directed.
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But, the diagrams we shall consider over it all factor through a directed quotient of it, as
we now show in Lemma 3.2. When we write directed colimit over families of threefolds
over finite simplicial complexes, we will always mean the colimit over this directed quotient.
Directedness will be of crucial importance later (directed colimits have much better properties
than general colimits).

Lemma 3.2. Consider the category of families of threefolds X → B over finite simplicial
complexes B as in Definition 3.1. Identify two morphisms f, g : B′ → B when they extend to
a morphism B′× [0, 1]→ B, where the product B′× [0, 1] is taken with respect to some local
ordering on B′ (this relation is respected by composition, hence we still have a category).
This new category is directed.

Proof. Recall that a category is called directed (aka filtered) when (1) it is non-empty, (2)
for every pair of objects X and Y , there exists a pair of maps X → Z ← Y to a common
object Z, and (3) for every pair of morphisms f, g : X →→ Y , there exists a morphism Y → Z
for which the two compositions X →→ Y → Z coincide.

Condition (1) is immediate (take B = ∅).
Condition (2) is achieved by taking the disjoint union of families X → B and X ′ → B′,

embedding both into X tX ′ → B tB′.
Condition (3) is achieved as follows. Suppose given two injective maps f, g : B′ →→ B

(covered by maps between the families X ′ → B′ and X → B). Naturally, we just want to
consider the inclusion B → B+ where B+ is obtained from B by gluing B′ × [0, 1] (with
respect to an arbitrary local ordering on B′) to it along f and g along B′×{0} and B′×{1},
respectively, where we equip B′ × [0, 1] with the family given by the union of f ∗X × [0, 1

2
),

g∗X × (1
2
, 1], and X ′ × [0, 1] (glued together in the evident way). We cannot quite glue in

B′× [0, 1] to B in this way in the world of simplicial complexes (the issue is that a given set
of vertices may not bound more than one simplex), but it works if we instead stack together
three copies of B′ × [0, 1] and glue the two extreme ends using f and g.

Lemma 3.3. For any family of threefolds X → B over a finite simplicial complex B, the
following diagram commutes:

H∗c (Z(X/B)/B)

H∗c (Z/Cpx3)

H∗c (Z(bX/bB)/bB)

(3.4)

where bX → bB denotes the induced family over the barycentric subdivision (see Section
2.4).

Proof. Consider the concordance between X → B and bX → bB, noting that its relative
cycle space is Z(X/B)× [0, 1].

Now let us remark on the relation between the bivariant groups H∗c (Z(X/B)/B) for
families of threefolds X → B over complex analytic spaces B and the Grothendieck group
of 1-cycles H∗c (Z/Cpx3). Suppose we are given a real analytic triangulation of B, by which
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we mean a finite simplicial complex T and a homeomorphism TR → B (where TR denotes
the geometric realization of T ) which is real analytic on each simplex (a map σ → B is
called real analytic when it is the restriction of a complex analytic map σC → B). Since
T → B is real analytic, we can form the pullback family X ×B T → T and the map
H∗c (Z(X/B)×BT/T ) = H∗c (Z(X×BT/T )/T ) → H∗c (Z/Cpx3). Since T → B is a homeo-
morphism, we have H∗c (Z(X/B)/B) = H∗c (Z(X/B)×BT/T ), so we obtain by composition a
map H∗c (Z(X/B)/B)→ H∗c (Z/Cpx3), depending on the choice of real analytic triangulation
of B. It is then straightforward to check that if two real analytic triangulations of B are
(real analytically) concordant, in the sense that they extent to a real analytic triangulation of
B × [0, 1], then they induce the same map H∗c (Z(X/B)/B)→ H∗c (Z/Cpx3). The condition
that TR → B be a homeomorphism may be relaxed to being a closed embedding (this way we
can deal with non-compact B), provided we consider H∗c of the restriction of Z(X/B)→ B
to the interior of the image of TR → B.

When B is smooth and compact Hausdorff, it has a canonical concordance class of real
analytic triangulation, represented by any real analytic triangulation for which every simplex
is immersed (that is, the differential of each map σ → B is injective at every point of the
closed simplex σ). More generally, if B is just smooth and Hausdorff, there is a canonical
concordance class of real analytic triangulations of compact subsets of B containing in their
interior a fixed compact K ⊆ B. The case that B is singular is, of course, much harder, and
beyond the scope of our current treatment. We will often represent elements of H∗c (Z/Cpx3)
using families X → B over complex manifolds B, implicitly appealing to these triangulations.

Lemma 3.4. Let X → B be a family of threefolds over a finite simplicial complex B. We
have

H∗c (Z(X/B)/B) = H∗c

(
Z(X/B),

⊕
σ⊆B

ZZ(X×Bσ/σ)[dimσ]
)

(3.5)

where ZZ(X×Bσ/σ) denotes the constant sheaf i∗Z on the closed subset Z(X×Bσ/σ) ⊆ Z(X/B)
and the direct sum of all of these is equipped with the differential given by the sum of all
restrictions along codimension one simplex inclusions (with the usual orientation signs).
Thus H∗c (Z(X/B)/B) is the cohomology of the double complex

⊕
σ⊆B C

∗+dimσ
c (Z(X×Bσ/σ))

whose differentials are the internal differential of C∗c and the sum of all restrictions along
codimension one simplex inclusions (with the usual orientation signs). This is a ‘second
quadrant’ double complex, illustrated as follows:

...
...

...

· · ·
⊕

∆2⊆B
C2
c (Z(X/∆2))

⊕
∆1⊆B

C2
c (Z(X/∆1))

⊕
∆0⊆B

C2
c (Z(X/∆0))

· · ·
⊕

∆2⊆B
C1
c (Z(X/∆2))

⊕
∆1⊆B

C1
c (Z(X/∆1))

⊕
∆0⊆B

C1
c (Z(X/∆0))

· · ·
⊕

∆2⊆B
C0
c (Z(X/∆2))

⊕
∆1⊆B

C0
c (Z(X/∆1))

⊕
∆0⊆B

C0
c (Z(X/∆0))

(3.6)

Its ‘total complex’ means we take the direct sum over the anti-diagonals.
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Proof. The dualizing complex ωB = (B → ∗)!Z is given by
⊕

σ⊆B Zσ[dimσ], where Zσ
denotes the constant sheaf i∗Z on the closed simplex σ ⊆ B, equipped with the differential
given by the sum of all restrictions along codimension one simplex inclusions, with the usual
orientation signs. Now pull back to Z(X/B) and take compactly supported cohomology.

Lemma 3.5. Let X → B be a family of threefolds over an oriented real analytic man-
ifold B of dimension b. The bivariant group H∗c (Z(X/B)/B) is the shifted cohomology
H∗+bc (Z(X/B)).

Proof. The dualizing complex of B is Z[b].

Remark 3.6. It would be equivalent to define H∗c (Z/Cpx3) as the cohomology of the double
complex

⊕
p≥0

⊕
X→∆p C∗+pc (Z(X/∆p)) with differentials given by the internal differential

and the sum over all codimension one simplex inclusions, with the usual orientation signs
(compare the double complex in Lemma 3.4). To make sense of this direct sum over ‘all
families of threefolds over ∆p’ (which is not a set), we may regard it as a simplicial groupoid
and ‘resolve’ it by a simplicial set mapping to it via a trivial Kan fibration. This was our
original definition of H∗c (Z/Cpx3) (the difference between it and Definition 3.1 is purely
technical).

Remark 3.7. The group H∗c (Z/Cpx3) is naturally the homology of a spectrum (object in
the stable homotopy category). One way to see this is to port the bivariant theory H∗c
in Definition 2.2 to the stable homotopy category (consider sheaves of spectra rather than
sheaves of complexes of Z-modules). Explicitly, the model in Remark 3.6 can be lifted to
the stable homotopy category as

colim
(
· · · →→→→

∐
X→∆2

D(Z(X/∆2)/∞)→→→
∐

X→∆1

D(Z(X/∆1)/∞)→→
∐
X

D(Z(X)/∞)
)

(3.7)

where by D we mean Spanier–Whitehead dual (more precisely, A/∞ denotes the inverse
system {A/(A\K)}K⊆A compact, and by D(A/∞) we mean the colimit of the directed system
obtained by applying the contravariant Spanier–Whitehead duality functor D).

3.2 Algebraic structure

We now endow the Grothendieck group H∗c (Z/Cpx3) with the structure of a bi-algebra. The
product corresponds to ‘disjoint union of cycles’, while the coproduct (which exists modulo
torsion) corresponds to ‘addition of cycles’. There are also ‘division by d’ operations on
H∗c (Z/Cpx3) for integers d ≥ 1, which are bi-algebra endomorphisms.

Definition 3.8 (Product µ on H∗c (Z/Cpx3)). Given two families X → B and X ′ → B′, we
may consider the product base space B×B′ and the ‘disjoint union family’ X×B′tB×X ′ →
B × B′ over it. The relative cycle space of the disjoint family is the product of the relative
cycle spaces of the two input families: Z((X×B′tB×X ′)/(B×B′)) = Z(X/B)×Z(X ′/B′).
The Künneth morphism for the bivariant theory H∗c thus gives a map

H∗c (Z(X/B)/B)⊗H∗c (Z(X ′/B′)/B′)

→ H∗c (Z((X×B′ tB×X ′)/(B×B′))/(B×B′)). (3.8)
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Now the target maps canonically to H∗c (Z/Cpx3) by triangulating B × B′ (the resulting
map is independent of the choice of triangulation by a concordance argument). Taking the
directed colimit over all families X → B and X ′ → B′ thus yields a map

µ : H∗c (Z/Cpx3)⊗2 → H∗c (Z/Cpx3). (3.9)

This product is evidently associative and (graded) commutative with unit η = 1 ∈ H0
c (∗/∗) =

H0
c (Z(∅/∗)/∗)→ H0

c (Z/Cpx3).

Definition 3.9 (Coproduct ∆ on H∗c (Z/Cpx3)/tors). The addition map Σ : Z(X/B) ×B
Z(X/B)→ Z(X/B) over B is proper, hence by the functoriality of the bivariant theory H∗c
determines a pullback map

H∗c (Z(X/B)/B)→ H∗c ((Z(X/B)×B Z(X/B))/B). (3.10)

Now Z(X/B) ×B Z(X/B) → B is the pullback along the diagonal of the map Z(X/B) ×
Z(X/B)→ B ×B, which gives a pushforward map

H∗c ((Z(X/B)×B Z(X/B))/B)→ H∗c ((Z(X/B)×Z(X/B))/(B ×B)). (3.11)

Finally, the Künneth isomorphism for the bivariant theory H∗c identifies this target with
H∗c (Z(X/B)/B)⊗2, at least modulo torsion. Composing everything, we obtain a mapH∗c (Z(X/B)/B)/tors→
(H∗c (Z(X/B)/B)/tors)⊗2. Taking the directed colimit over all families X → B, we obtain a
map

∆ : H∗c (Z/Cpx3)/tors→ (H∗c (Z/Cpx3)/tors)⊗2. (3.12)

A diagram chase shows that this coproduct is coassociative and (graded) cocommutative
with counit ε : H∗c (Z/Cpx3) → Z given by ‘evaluate at the empty cycle’ (that is, act on
H∗c (Z(X/B)/B) by pulling back under the zero section B → Z(X/B) to get to H∗c (B/B) =
H∗c (B,ωB) = H∗(B), which we map to Z by pairing with 1 ∈ H0(B)).

Lemma 3.10. The operations (η, µ, ε,∆) define the structure of a bi-algebra on H∗c (Z/Cpx3)/tors.
This means:

• (R, η, µ) is an algebra (satisfies unitality and associativity).
• (R, ε,∆) is a co-algebra (satisfies co-unitality and co-associativity).
• The maps η and ∆ are algebra maps (equivalently, the maps ε and µ are co-algebra

maps).

Proof. Diagram chase.

Definition 3.11 (Multiplicative curve enumeration theory). A curve enumeration theory
V ∈ Hrel∞

∗ (Z/Cpx3)naive shall be called (weakly) multiplicative when it satisfies V (µ(x, y)) =
V (x)V (y) for all x, y ∈ H∗c (Z/Cpx3).

Definition 3.12 (Division). For any d ≥ 1, the ‘multiply by d’ map Z(X/B) → Z(X/B)
(which is proper) determines a pullback map H∗c (Z(X/B)/B) → H∗c (Z(X/B)/B). Taking
the colimit over all X → B, we obtain a map ρd : H∗c (Z/Cpx3)→ H∗c (Z/Cpx3).

The maps ρd are bi-algebra morphisms by inspection.
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3.3 Restricting the class of 1-cycles

We will also want to form Grothendieck groups of 1-cycles satisfying certain properties (e.g.
semi-Fano 1-cycles ZsF or 1-cycles satisfying a multiplicity condition Z≤m). Here is a general
framework for defining such groups:

Definition 3.13 (Modified Grothendieck group of 1-cycles H∗c (Zα/Cpx3)). Let Zα ⊆ Z be
the specification of a locally closed subset Zα(X/B) ⊆ Z(X/B) for every family of threefolds
X → B over a finite simplicial complex B, satisfying the following properties:

• Zα ⊆ Z is compatible with pullback, in the sense that Zα(X/B) ×B B′ = Zα(X ×B
B′/B′) as subsets of Z(X/B) ×B B′ = Z(X ×B B′/B′) for all maps of simplicial
complexes B′ → B.

• Zα ⊆ Z is local, in the sense that for any open setX− ⊆ X → B, we have Zα(X−/B) =
Z(X−/B) ∩ Zα(X/B).

We may then define H∗c (Zα/Cpx3) := colim−−−→X→BH
∗
c (Zα(X/B)/B).

Recall that for a locally closed subset A ⊆ Z, we define ZA = i∗j!Z for j : A ↪→ A
and i : A → Z (or, in fact, for any factorization of A → Z as the composition of an open
embedding followed by a closed embedding). Now Lemma 3.4 generalizes to tell us that

H∗c (Zα(X/B)/B) = H∗c

(
Z(X/B),

⊕
σ⊆B

ZZα(X×Bσ/σ)[dimσ]
)
. (3.13)

If A,B ⊆ Z are locally closed subsets and A ∩ B ⊆ A is closed and A ∩ B ⊆ B is open,
then there is an induced map ZA → ZB (call this a good pair of locally closed subsets). We
conclude that if Zα ∩ Zβ ⊆ Zα is closed and Zα ∩ Zβ ⊆ Zβ is open, then we get a map
H∗c (Zα/Cpx3)→ H∗c (Zβ/Cpx3). If Zβ is the disjoint union of an open subset Zα ⊆ Zβ and
its closed complement Zγ ⊆ Zβ, then there is a long exact sequence

· · · → H∗c (Zα/Cpx3)→ H∗c (Zβ/Cpx3)→ H∗c (Zγ/Cpx3)→ · · · (3.14)

since directed colimts are exact.
For example, we could consider the open locus of semi-Fano 1-cycles ZsF ⊆ Z, and

Definition 3.13 produces a group H∗c (ZsF/Cpx3) with a map H∗c (ZsF/Cpx3)→ H∗c (Z/Cpx3)
(pushforward of compactly supported cohomology under open embeddings). We could also
consider the loci Z≤m from Definition 2.1 and produce a long exact sequence

· · · → H∗c (Z<m/Cpx3)→ H∗c (Z≤m/Cpx3)→ H∗c (Z=m/Cpx3)→ · · · (3.15)

for any m.
The bi-algebra operations on H∗c (Z/Cpx3) extend to the variants H∗c (Zα/Cpx3) under

natural hypotheses. The product construction in Definition 3.8 yields a map H∗c (Zα/Cpx3)⊗
H∗c (Zβ/Cpx3)→ H∗c (Zγ/Cpx3) provided that for a disjoint union of families XtX ′ → B, the
pair of locally closed subsets Z(X/B)α×BZβ(X ′/B) and Zγ((XtX ′)/B) of Z((XtX ′)/B) =
Z(X/B)×B Z(X ′/B) form a good pair (in practice, the former will just be an open subset
of the latter). For example, H∗c (ZsF/Cpx3) has a product, and there are product operations
H∗c (Z≤m/Cpx3)⊗H∗c (Z≤m′/Cpx3)→ H∗c (Z≤(m,m′)/Cpx3).
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The coproduct construction in Definition 3.9 yields a mapH∗c (Zα/Cpx3)→ (H∗c (Zα/Cpx3)/tors)⊗2

provided that the sum operation sends Zα × Zα → Zα and as such is proper (for example,
it suffices to know that z + z′ is an α-cycle iff z and z′ are both α-cycles). For example, this
applies to ZsF.

The operations ρd from Definition 3.12 are defined on H∗c (Zα/Cpx3) provided ‘mutiply
by d’ is proper Zα → Zα (which holds, for example, when d · z is an α-cycle iff z is an
α-cycle); this also holds for ZsF.

3.4 Virtual fundamental classes

Now let us recall the standard construction of curve enumeration theories, that is classes in
Hrel∞
∗ (Z/Cpx3)naive, based on the theory of virtual fundamental classes and perfect obstruc-

tion theories that we review in Appendix A.
Curve enumeration theories usually arise via proper pushforward along a map E → Z,

where E is another functor associating to each family of threefolds X → B over a complex
analytic base B a complex analytic space (or Deligne–Mumford complex analytic stack)
E(X/B)→ B, compatible with pullback. Given such an E , we may define Hrel∞

∗ (E/Cpx3)naive

exactly as in Definition 3.1 just with E in place of Z. Given a natural transformation E → Z
which is proper (meaning E(X/B)→ Z(X/B) is proper for every family X → B), we get a
proper pushforward map Hrel∞

∗ (E/Cpx3)naive → Hrel∞
∗ (Z/Cpx3)naive. So, it suffices to define

classes in Hrel∞
∗ (E/Cpx3)naive for such E → Z.

If E is smooth, in the sense that E(X/B)→ B is smooth (i.e. submersive) for every X →
B, then there is a canonical relative (i.e. vertical) fundamental class in Hrel∞

∗ (E(X/B)/B),
lying in degree given by the relative dimension of E(X/B)→ B, compatible with pullback.
More generally, we may ask that E have a (relative) perfect obstruction theory in the sense
of Behrend–Fantechi [4] (see Definition A.11), meaning that E(X/B) → B has a perfect
obstruction theory for every X → B, compatible with pullback. A perfect obstruction theory
on E induces a (relative) virtual fundamental class in Hrel∞

∗ (E(X/B)/B) (see Definition A.13)
for every X → B, compatible with pullback (by Lemma A.14).

Now consider the case of a family of threefolds X → B over a finite simplicial complex B
(instead of a complex analytic space). We have the complexified family XC → BC for some
open set BC ⊆ Baff

C containing the geometric realization BR (as discussed in Section 2.4),
hence its virtual fundamental class in Hrel∞

∗ (E(XC/BC)/BC) defined above. We may then
define the virtual fundamental class in Hrel∞

∗ (E(X/B)/B) (though we write B we really mean
BR) to be its pullback. This class is compatible with pullback under maps of finite simplicial
complexes B′ → B, so we obtain a ‘virtual fundamental’ class [E ]vir ∈ Hrel∞

∗ (E/Cpx3)naive.
The virtual fundamental class [E ]vir ∈ Hrel∞

∗ (E/Cpx3)naive lies in homological degree i
equal to (twice) the (complex) index of the perfect obstruction theory on E . For families of
threefolds, this typically equals 2k (twice the chern number k), and hence [E ]vir has ‘virtual
codimension’ 2k − i = 0.

Remark 3.14. We saw in Lemma 2.8 that a family of threefolds X → B over a finite simplicial
complex B (in the sense of having a family of threefolds over the complexification BC) is
the same thing as a system of families over the complexifications σC of each simplex σ ⊆ B,
with restriction isomorphisms for simplex inclusions. It is worthwhile to point out that
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the above discussion really relies on having families in the former sense, not the latter. To
extract a relative virtual fundamental class in Hrel∞

∗ (E(X/B)/B) out of a family in the
latter sense (without appealing to Lemma 2.8) would require a discussion of homotopically
coherent perfect obstruction theories (or, more likely, quasi-smooth derived structures) and
their homotopically coherent virtual fundamental cycles (such a theory surely exists, but is
much more technical than the classical theory outlined in Appendix A, which is all we are
relying on here). Philosophically speaking, this is an instance of the general principle that a
relative construction for arbitrary families is often a close enough substitute for a homotopy
coherent construction.

Now suppose E is multiplicative in the sense that for any pair of families of threefolds
X → B ← X ′ over a complex analytic base B, there is a functorial isomorphism E((X t
X ′)/B) = E(X/B)×BE(X ′/B), compatible with perfect obstruction theories. It then follows
from compatibility of virtual fundamental classes with (fiber) product (Lemmas A.14 and
A.15) that the Künneth morphism

Hrel∞
∗ (E(X/B)/B)⊗Hrel∞

∗ (E(X ′/B′)/B′)

→ Hrel∞
∗ (E((X×B′ tB×X ′)/(B ×B′))/(B ×B′)) (3.16)

sends the product of the virtual fundamental classes of E(X/B) → B and E(X ′/B′) → B′

to that of E((X×B′ t B×X ′)/(B × B′))→ (B × B′). It follows that [E ]vir is multiplicative
in the sense of Definition 3.11.

3.5 Enumerative invariants

We now define the Gromov–Witten and Pandharipande–Thomas virtual fundamental classes
in Hrel∞

∗ (Z/Cpx3;Q)((u)) and Hrel∞
∗ (Z/Cpx3)((q)). We denote by

GW : H∗c (Z/Cpx3)→ Q((u)) (3.17)

PT : H∗c (Z/Cpx3)→ Z((q)) (3.18)

the resulting homomorphisms, which are in fact ring homomorphisms since these virtual
fundamental classes are multiplicative.

Gromov–Witten and Pandharipande–Thomas invariants are defined using moduli spaces
M′(X/B) and P (X/B) (respectively) over B associated to any family of threefolds X → B
over a complex analytic space B. The moduli spaceM′(X/B) is a Deligne–Mumford analytic
stack representing stable maps from compact (not necessarily connected) nodal curves to
fibers of X → B, all of whose connected components are non-constant. The analytic space
P (X/B) parameterizes stable pairs on fibers of X → B (a stable pair is a coherent sheaf F
of proper support with the property that the support of every subsheaf is pure dimension
one, along with a section s whose cokernel has relative dimension zero) [39, 27, 13]. There
are locally constant maps

χ :M′(X/B)→ Z (3.19)

n : P (X/B)→ Z (3.20)
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given by domain arithmetic Euler characteristic and holomorphic Euler characteristic, re-
spectively.

Both M′(X/B) → B and P (X/B) → B carry a natural (relative) perfect obstruction
theory, compatible with pullback. As reviewed in Section 3.4, there are hence induced virtual
fundamental classes

[M′/Cpx3]vir =
∏

X→∆k

[M′(X/∆k)]vir ∈ Hrel∞
∗ (M′/Cpx3;Q), (3.21)

[P/Cpx3]vir =
∏

X→∆k

[P (X/∆k)]vir ∈ Hrel∞
∗ (P/Cpx3). (3.22)

Now the mapsM′ → Z and P → Z are proper when restricted to the sets on which −χ and
n are bounded above by a given N < ∞, respectively. Pushing forward u−χ · [M′/Cpx3]vir

and qn · [P/Cpx3]vir thus defines classes

GW ∈ Hrel∞
∗ (Z/Cpx3;Q)((u)), (3.23)

PT ∈ Hrel∞
∗ (Z/Cpx3)((q)), (3.24)

which have virtual codimension zero since the virtual fundamental classes of M′ and P
lie in homological degree twice the chern number. This defines the group homomorphisms
(3.17)–(3.18).

The moduli spaces M′ and P are ‘multiplicative’ in the sense that M′((X t Y )/B) =
M′(X/B)×BM′(Y/B) compatibly with perfect obstruction theories (and the same for P ).
As reviewed in Section 3.4, it follows that the induced virtual fundamental classes [M′]vir

and [P ]vir are also multiplicative in the sense that (3.17)–(3.18) are ring homomorphisms.
Classical Gromov–Witten and Pandharipande–Thomas theory is interested in evaluating

GW and PT on elements of H∗c (Z/Cpx3) coming from projective threefolds. When X is
projective, the space of cycles Z(X, β) in homology class β is compact, hence its characteristic
function defines a class (X, β) ∈ H0

c (Z(−, 〈c1(TX), β〉)/Cpx3), which has virtual dimension
2〈c1(TX), β〉. Thus when 〈c1(TX), β〉 = 0, we may evaluate the homomorphisms GW and
PT on this element to obtain invariants

GW(X, β) =

∫
[M′(X,β)]vir

u−χ ∈ Q((u)), (3.25)

PT(X, β) =

∫
[P (X,β)]vir

qn ∈ Z((q)). (3.26)

More generally, given cohomology classes γ1, . . . , γr ∈ H∗(X) (called ‘insertions’), we may
consider the class

(X, β; γ1, . . . , γr) ∈ H(|γ1|−2)+···+(|γr|−2)
c (Z(−, 〈c1(TX), β〉)/Cpx3) (3.27)

given by the cohomology class 1β
∏r

i=1 π!i
∗γi on Z(X), namely the result of push/pull via

the universal family.

U(X) X

Z(X)

i

π (3.28)
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Evaluating GW and PT on this class produces Gromov–Witten invariants and Pandharipande–
Thomas invariants of X in homology class β with insertions γ1, . . . , γr

GW(X, β; γ1, . . . , γr) =

∫
[M′(X,β)]vir

r∏
i=1

π!ev∗γi · u−χ ∈ Q((u)) (3.29)

PT(X, β; γ1, . . . , γr) =

∫
[P (X,β)]vir

r∏
i=1

π!(ch2(F) ∪ ev∗γi) · qn ∈ Z((q)) (3.30)

where the integrand involves push/pull for the universal families

U ′(X) X

M′(X)

ev

π

P (X)×X X

P (X)

ev=pX

π (3.31)

and F denotes the universal stable pair on P (X)×X (note that the second chern character
ch2(F) is simply the fundamental cycle of the support of F, a codimension four cohomology
class on P (X, β)×X). These invariants vanish for dimension reasons except when the virtual
dimension 2〈c1(TX), β〉 −

∑
i(|γi| − 2) of the element in H∗(Z/Cpx3) is zero.

4 Local curves

In the study of enumerative invariants of complex threefolds, the term local curve refers to
(the total space of) a rank two vector bundle E over a smooth proper (usually connected)
curve C. Given a local curve E → C, one is then interested in enumerating curves supported
on the zero section C ⊆ E; unfortunately, this has no meaning a priori since Z≥0·[C] ⊆ Z(E)
is usually not open. The goal of this section is to recall how to make sense of the enumerative
theory of local curves by working equivariantly, and to recall that equivariant invariants are
a special case of family invariants (via the Borel construction) hence are realized naturally
within the framework of the Grothendieck group H∗c (Z/Cpx3).

Remark 4.1. It is not hard to show that local curves are classified up to deformation by the
pair of integers g = g(C) ≥ 0 and c = c1(E) ∈ Z. The chern number of the zero section is
given by k = c1(TE) = c1(E) + c1(TC) = 2 − 2g + c and is a more convenient index than
c. We write Eg,k for the (unique up to deformation) local curve of genus g ≥ 0 and chern
number k.

4.1 Equivariant homology

The flavor of equivariant homology relevant for our present discussion is called co-Borel
equivariant homology, which measures ‘homotopically S1-invariant cycles’ on an S1-space.
We will describe this homology theory in terms of the bivariant theories from Section 2.2.

Given an S1-space X, denote by XCPN → CPN (a locally trivial fibration with fiber
X) the quotient (X × S2N+1)/S1 → S2N+1/S1, where S2N+1 ⊆ CN+1 is the unit sphere
acted on by the unit circle S1 ⊆ C by multiplication. Note that if the S1-action on X is
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the restriction to the unit circle S1 ⊆ C× of a C×-action on X, then we also have XCPN =
(X × (CN+1− 0))/C× (since C× = S1×R>0 and X × S2N+1 ⊆ X × (CN+1− 0) is a slice for
the R>0-action).

The families XCPN → CPN are related by pullback diagrams

XCPN XCPN+1

CPN CPN+1

(4.1)

where CPN ⊆ CPN+1 is the standard hyperplane inclusion. The directed system {XCPN →
CPN}N will be called the Borel construction of the S1-space X. Usually the term ‘Borel
construction’ refers to the single fibration XCP∞ → CP∞, but for our present work it is more
convenient to work with the sequence of finite-dimensional approximations XCPN → CPN .

Definition 4.2 (co-Borel equivariant homology and cohomology). Let X be an S1-space
with reasonable topology (say Hausdorff, paracompact, and locally homeomorphic to a finite
CW-complex of uniformly bounded dimension). The co-Borel S1-equivariant homology rel
infinity of X is given by the inverse limit

HcS1,rel∞
∗ (X) = lim←−

N

Hrel∞
∗ (XCPN/CPN). (4.2)

Dually, the co-Borel S1-equivariant compactly supported cohomology of X is the directed
colimit

H∗cS1,c(X) = colim−−−→
N

H∗c (XCPN/CPN). (4.3)

Since CPN are compact oriented manifolds, the bivariant groups appearing in (4.2)–(4.3)
may be expressed in terms of ordinary homology and cohomology.

Hrel∞
∗ (XCPN/CPN) = Hrel∞

∗+2N(XCPN ) (4.4)

H∗c (XCPN/CPN) = H∗+2N
c (XCPN ) (4.5)

In terms of these descriptions, the transition maps in the inverse limit (4.2) and directed
colimit (4.3) are the ‘wrong way maps’

Hrel∞
∗+2N(XCPN )← Hrel∞

∗+2N+2(XCPN+1) (4.6)

H∗+2N
c (XCPN )→ H∗+2N+2

c (XCPN+1) (4.7)

(‘intersection with the hyperplane CPN ⊆ CPN+1’) associated to the diagram (4.1). There
is a long exact sequence

· · · → Hrel∞
∗+2N+2(XCPN+1)→ Hrel∞

∗+2N(XCPN )→ Hrel∞
∗+2N+1(X)→ · · · (4.8)

(and dually for H∗c ) which means the transition maps are isomorphisms once ∗+ 2N + 1 >
dimX. This eventual constancy implies the inverse limit (4.2) is well behaved (so, for
example, the long exact sequence of the pair exists and is exact for HcS1,rel∞).
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Remark 4.3. Given a reasonable definition of the bivariant theory for maps such as XCP∞ →
CP∞, one should be able to eliminate the inverse limit and directed colimit above and simply
write HcS1,rel∞

∗ (X) = Hrel∞
∗ (XCP∞/CP∞) and H∗cS1,c(X) = H∗c (XCP∞/CP∞). We choose to

use the definition in terms of (co)limits because it is technically simpler (the main technical
complication of infinite-dimensional bases such as CP∞ is that homology and upper shriek
are no longer related in the same way, since this relation involves a shift by the dimension).

It is evident that HcS1,rel∞
∗ (X) and H∗cS1,c(X) can be non-zero only for ∗ ≤ dimX, but

there is typically no lower bound on ∗ for which they are non-zero. For example, HcS1

∗ (pt) =
lim←−N H∗+2N(CPN) = lim←−N H

−∗(CPN) = H−∗(CP∞) = Z[t] (free polynomial algebra) where
t is the class of a hyperplane and lies in homological degree −2 (cohomological degree 2).
Intersection of cycles gives HcS1

∗ (pt) the structure of a ring and gives each HcS1,rel∞
∗ (X) the

structure of a module over it.

Definition 4.4 (Tate S1-equivariant homology). The Tate S1-equivariant homology is the
localization of co-Borel equivariant homology at t ∈ HcS1

−2 (pt) = H2(CP∞), namely it is the
directed colimit

H tS1,rel∞
∗ (X) = colim−−−→

i

HcS1,rel∞
∗−2i (X) (4.9)

where the transition maps are multiplication by t (compare Greenlees–May [17, Corollary
16.3]).

The key property of Tate S1-equivariant homology is that it vanishes for (almost) free
S1-spaces (with rational coefficients), hence by the long exact sequence and excision, depends
rationally only on the fixed set. This is known as the equivariant localization theorem, which
originates in the work of Smith [46, 47, 48], was reformulated cohomologically by Borel [7],
and was then formalized in its present form by Atiyah–Segal [1, 44] and Quillen [43].

Proposition 4.5. The map H tS1,rel∞
∗ (XS1

)→ H tS1,rel∞
∗ (X) is an isomorphism over Q.

Proof. We assume that our spaces have a reasonable S1-equivariant cell decomposition
(which holds in the cases we care about by real analyticity). Precisely speaking, this means
that X is glued out of cells of the form (S1/Γ)× (Dk, ∂Dk) for subgroups Γ ⊆ S1, where S1

acts by multiplication on the first factor (and trivially on the second factor). Given such a
cell decomposition of X, to show that H tS1,rel∞

∗ (X,XS1
) = 0, it suffices (by the long exact

sequence and excision) to show that H tS1

∗ ((S1/Γ)× (Dk, ∂Dk)) = 0 for Γ $ S1 a proper sub-
group. We have H tS1

∗ ((S1/Γ)× (Dk, ∂Dk)) = H tS1

∗−k(S
1/Γ), so we are reduced to showing that

H tS1

∗ (S1/Γ) = 0 for Γ $ S1. Since Γ is finite, there is a ‘transfer’ map H tS1

∗ (S1/Γ)→ H tS1

∗ (S1)
whose composition with the pushforward map H tS1

∗ (S1) → H tS1

∗ (S1/Γ) is multiplication by
#Γ on H tS1

∗ (S1/Γ). It thus suffices to show that H tS1

∗ (S1) = 0, which follows from calulating
HcS1

∗ (S1) = Z.

The significance of equivariant localization is the following. Given a class in HcS1,rel∞
∗ (X),

we may push forward to HcS1

∗ (pt) provided X is compact. However, if we are satisfied with
pushing forward to the Tate group H tS1

∗ (pt) (over the rationals), then equivariant localization
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provides such a pushforward map when just the fixed set XS1
is compact.

HcS1,rel∞
∗ (XS1

) H tS1,rel∞
∗ (XS1

;Q)

HcS1,rel∞
∗ (X) H tS1,rel∞

∗ (X;Q)

HcS1

∗ (pt) H tS1

∗ (pt;Q)

XS1
compact

∼

XS1
compact

X compact X compact

(4.10)

4.2 Equivariant enumerative invariants

We have already seen how a curve enumeration theory, namely a class in Hrel∞
∗ (Z/Cpx3),

specializes to a ‘virtual fundamental class’ in Hrel∞
∗ (Z(X)) for any complex threefold X.

More generally, a curve enumeration theory determines a ‘relative’ virtual fundamental class
in Hrel∞

∗ (Z(X/B)) for any families of complex threefolds X → B over a simplicial complex B.
For more general bases B, we may define the relative virtual fundamental class by choosing
a concordance class of triangulations of B.

Now here we consider a complex threefoldX with an S1-action, and we seek an equivariant
virtual fundamental class in HcS1,rel∞

∗ (Z(X)). By the definition of co-Borel equivariant
homology, such a class is simply a collection of compatible relative virtual fundamental classes
on the Borel construction of Z(X) (equivariant enumerative invariants are, by definition,
family invariants of the Borel construction).

HcS1,rel∞
∗ (Z(X)) = lim←−

N

Hrel∞
∗ (Z(X)CPN/CPN) (4.11)

= lim←−
N

Hrel∞
∗ (Z(XCPN/CPN)/CPN) (4.12)

Such a class is therefore provided by any curve enumeration theory (all real analytic trian-
gulations of CPN are concordant).

Now a key feature of equivariant enumerative invariants is that they localize to the fixed
locus, after inverting the equivariant parameter (that is, in Tate equivariant homology, see
Definition 4.4) and passing to rational coefficients. That is, we may consider the maps
HcS1,rel∞
∗ (Z(X)) → H tS1,rel∞

∗ (Z(X);Q)
∼←− H tS1,rel∞

∗ (Z(X)S
1
;Q), where the second map is

an isomorphism by Proposition 4.5, to obtain a localized equivariant virtual fundamental
class in H tS1,rel∞

∗ (Z(X)S
1
;Q).

Now let us specialize to our case of interest, namely a local curve E = Eg,k → Cg equipped
with its fiberwise scaling action by C× (rather, the restriction of this action to the unit circle
S1 ⊆ C×). Any curve enumeration theory defines a localized equivariant virtual fundamental
class in H tS1,rel∞

∗ (Z(E)S
1
;Q). Now Z(E)S

1
is particularly simple: the only S1-fixed cycles

on a local curve are the multiples of the zero section m[C] for m ≥ 0. Thus a localized
equivariant virtual fundamental class for a local curve Eg,k is simply a collection of classes
in H tS1,rel∞

∗ (pt) = Q[t, t−1] indexed by integers m ≥ 0. Since the local curve depends only

28



on g and k up to deformation, we obtain elements of Q[t, t−1] indexed by integers g ≥ 0,
m ≥ 0, and k ∈ Z (associated to any choice of curve enumeration theory); these are, roughly
speaking, ‘S1-equivariant counts of curves of degree m on Eg,k’. These ‘curve counts’ lie in
Q · t−mk for degree reasons (the virtual fundamental class lies in homological degree given by
twice the chern number, which in this case equals 2mk, and t has homological degree −2).
In particular, the Gromov–Witten and Pandharipande–Thomas curve enumeration theories
(see Section 3.5) give rise to invariants.

GWS1(Eg,k,m) ∈ Q((u)) · t−mk (4.13)

PTS1(Eg,k,m) ∈ Q((q)) · t−mk (4.14)

for integers g ≥ 0, m ≥ 0, and k ∈ Z.

Theorem 4.6 ([9, 37]). The power series GWS1(Eg,k,m) and PTS1(Eg,k,m) satisfy the
MNOP correspondence with weight k.

We explain the citation: Bryan–Pandharipande [9] compute the S1-equivariant Gromov–
Witten invariants of Eg,k, while Okounkov–Pandharipande [37] compute the S1-equivariant
Donaldson–Thomas invariants of Eg,k, and it is explained in [33, Section 5] how to walk
through the arguments of [37] to see that they apply equally well to Pandharipande–Thomas
invariants.

4.3 Local curve elements of the Grothendieck group

We now show how to express, explicitly, the S1-localized equivariant enumerative invariants
of local curves Eg,m,k → Cg (defined just above) as the (non-equivariant) enumerative in-
variants of certain elements xg,m,k ∈ H∗c (Z/Cpx3;Q) of virtual dimension zero which we call
equivariant local curve elements. This amounts to unwinding the definition of equivariant
invariants in terms of the Borel construction and, more significantly, taking a geometric
perspective on equivariant localization.

Given a local curve E → C, we consider maps of the form

Z(E,m)
∩Ep−−→ SymmEp

Symm λ−−−−→ SymmC βr−→ C (4.15)

for a point p ∈ C, a linear map λ : Ep → C, and a homogeneous symmetric polynomial
βr : SymmC → C of degree r ≥ 1. This map is C×-equivariant for the weight r action on
the target C. It thus determines a section f of L⊗r over Z(E,m)CPN for all N <∞, where
L denotes (the pullback of) the tautological line bundle on CPN .

Definition 4.7 (Equivariant local curve elements). Fix g ≥ 0, m ≥ 0, and k ∈ Z.
For any tuple of sections f1, . . . , fn (as defined just above) of weights r1, . . . , rn > 0, whose

joint zero set f−1
1 (0)∩ · · · ∩ f−1

n (0) ⊆ Z(E,m) is compact, and any N <∞, we consider the
expression

N ;f1,...,fnxg,m,k =
n∏
i=1

r−1
i f ∗i c1(L⊗ri)

∈ H2n
c (Z(E,m)CPN ;Q) = H2n−2N

c (Z(E,m)CPN/CPN ;Q)

→ H2n−2N
c (Z/Cpx3;Q) (4.16)
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where Z(E,m) ⊆ Z(E) denotes the cycles of degree m. This is a lift of the nth power of
the hyperplane class to compactly supported cohomology.

Now the pushforward map H∗c (Z(E)CPN/CPN) → H∗c (Z(E)CPN+1/CPN+1) associated
to the diagram (4.1) sends N ;f1,...,fnxg,m,k to N+1;f1,...,fn,fn+1xg,m,k for any choice of fn+1

(compare the discussion in Definition 4.2). It follows that the image of N ;f1,...,fnxg,m,k in
H2n−2N
c (Z/Cpx3;Q) depends only on (g,m, k) and the difference n − N . We denote this

image by `xg,m,k ∈ H∗c (Z/Cpx3;Q) for ` = n − N − mk. Note that these `xg,m,k are in-
deed defined for all g,m, k, `: by taking N sufficiently large, we may ensure that there exist
n = `+mk +N sections f1, . . . , fn whose joint zero set is compact.

This class `xg,m,k ∈ H∗c (Z/Cpx3;Q) lies in cohomological degree 2mk+ 2` and has chern
number 2mk, hence has virtual dimension −2`. When k ≥ 0, the local curve E is semi-Fano,
so the elements `xg,m,k naturally lift to H∗c (ZsF/Cpx3;Q) for k ≥ 0. The elements `xg,m,k
also naturally lift to H∗c (Z≤(m)/Cpx3) (and to H∗c (ZsF,≤(m)/Cpx3;Q) when k ≥ 0) since all
points of Z(E,m) have multiplicity ≤ (m).

The equivariant local curve element is the value xg,m,k = 0xg,m,k at ` = 0.

The reader may wonder why we bother defining `xg,m,k for general `, rather than restrict-
ing to ` = 0 from the beginning. One answer is that the formula for the coproduct of xg,m,k
(Lemma 4.13) involves nonzero `.

Proposition 4.8. For any curve enumeration theory (class in Hrel∞
∗ (Z/Cpx3) of virtual

codimension zero), its induced S1-equivariant curve count of degree m cycles in a local curve
Eg,k is given by its evaluation on xg,m,k ∈ H∗c (Z/Cpx3;Q) times t−mk.

Proof. This amounts to unwinding definitions.
Recall that the S1-equivariant count of degree m curves in a local curve E = Eg,k is

defined as follows. We take the equivariant virtual fundamental class in HcS1,rel∞
∗ (Z(E,m)),

we multiply it by a sufficiently high power of the hyperplane class tn and rationalize so that
it lifts to HcS1

∗ (Z(E,m);Q) (as guaranteed by Proposition 4.5), we push forward to a point
to obtain a class in HcS1

∗ (pt;Q) = Q[t], and we multiply by t−n.
We may realize this procedure concretely as follows. Realize the relevant co-Borel equiv-

ariant homology groups via the inverse limit (4.2). To lift tn times a class inHcS1,rel∞
∗ (Z(E,m)) =

lim←−N H
rel∞
∗+2N(Z(E,m)CPN ) to HcS1

∗ (Z(E,m)) = lim←−N H∗+2N(Z(E,m)CPN ) (rationally), we
may fix some f1, . . . , fn with compact common zero locus as in Definition 4.7 and multiply
our class by the expression N ;f1,...,fnxg,m,k ∈ H2n

c (Z(E,m)CPN ;Q) (4.16) for every N . Now
we push forward to HcS1

∗ (pt) = lim←−N H∗+2N(CPN) and ask for the coefficient in front of

tn−mk. For N = n − mk, the coefficient in front of tn−mk = tN is the component lying in
H0(CPN), which is now just the evaluation of the equivariant virtual fundamental class on

N ;f1,...,fnxg,m,k, which is xg,m,k by our choice of N .

Corollary 4.9. The power series GW(xg,m,k) and PT(xg,m,k) satisfy the MNOP correspon-
dence with weight k.

Proof. Combine Theorem 4.6 with Proposition 4.8.

Now let us establish a few elementary properties of the local curve elements.

Lemma 4.10. We have xg,0,k = 1 and `xg,0,k = 0 for ` > 0.
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Proof. In the definition of `xg,m,k, consider taking N = 0, which means n = mk + `. We are
interested in the case that m = 0 and ` ≥ 0, so n ≥ 0 as required. Since m = 0, the space
of cycles Z(Eg,k,m) of degree m is a single point (the empty cycle) hence compact, so the
requirement in Definition 4.7 that f1, . . . , fn have compact joint zero set is vacuous. Thus
xg,m,k is represented by the class of the hyperplane to the power ` ≥ 0 in H2`(∗;Q). This
evidently vanishes for ` > 0. For ` = 0, it is the constant function 1 on the empty cycle,
which is the definition of the unit 1 ∈ H∗c (Z/Cpx3).

Lemma 4.11. We have `xg,m,k = 0 for ` sufficiently large (as a function of (g,m, k)).

Proof. We give two related, but not quite equivalent, arguments.
First, note that N ;f1,...,fnxg,m,k ∈ H2mk+2`

c (Z(E,m)CPN/CPN ;Q) which vanishes for de-
gree reasons once 2mk+2` > 2 dimCZ(E,m). Thus we have `xg,m,k = 0 for ` > dimCZ(Eg,k,m)−
mk.

Second, suppose there exist f1, . . . , fn on Z(Eg,k,m) with compact joint zero set. Taking
` = n − mk gives N = 0, so 0;f1,...,fnxg,m,k ∈ H2n

c (Z(E,m)CP 0 ;Q). Now adding a single
additional fn+1 (that is, increasing `) multiplies this class by the hyperplane class, which lives
in H2(CP 0) = 0, thus yielding zero. We conclude that `xg,m,k = 0 for ` > nmin(g,m, k)−mk,
where nmin(g,m, k) is the minimum number of sections f1, . . . , fn on Z(Eg,k,m) with compact
joint zero set.

Lemma 4.12. We have ρd(`xg,m,k) = `+(1−1/d)mkxg,m/d,k if d|m and is zero otherwise.

Proof. We may calculate ρd(`xg,m,k) by pulling back the cohomology class N ;f1,...,fnxg,m,k ∈
H2n
c (Z(E,m)CPN ;Q) (4.16) under the ‘multiply by d’ map Z(E) → Z(E) (which is C×-

equivariant, hence induces a map on the Borel construction). If m is not divisible by
d, then the image of this map d is disjoint from Z(E,m), hence the pullback is zero.
If m is divisible by d, then the pullback of a weight r map f : Z(E,m) → C× under
d : Z(E,m/d) → Z(E,m) is a weight r map Z(E,m/d) → C×. Thus the pullback of

N ;f1,...,fnxg,m,k is N ;f1,...,fnxg,m/d,k, which maps to `′xg,m/d,k where `′ = n − N −mk/d. Since
` = n−N −mk, we have `′ = `+ (1− 1/d)mk.

Lemma 4.13. The coproduct ∆ (Definition 3.9) is given on equivariant local curve elements
by ∆(`xg,m,k) =

∑
m=m′+m′′

∑
`=`′+`′ `′xg,m′,k⊗`′′xg,m′′,k (this sum being finite by Lemma 4.11).

Proof. Realize `xg,m,k by an expression N ;f1,...,fnxg,m,k (4.16) for some collection of sections
f1, . . . , fn whose joint zero set is compact. The coproduct ∆(N ;f1,...,fnxg,m,k) (Definition 3.9)
is defined via the disjoint union family

(ECPN × CPN) t (CPN × ECPN )→ CPN × CPN , (4.17)

whose relative cycle space is the product of relative cycle spaces

Z(E)CPN ×Z(E)CPN = Z(ECPN/CPN)×Z(ECPN/CPN)→ CPN × CPN . (4.18)

Over the diagonal ∆(CPN) ⊆ CPN × CPN , there is an addition map Σ from this relative
cycle space to the relative cycle space of ECPN → CPN . The coproduct ∆(N ;f1,...,fnxg,m,k)
is represented by the disjoint union family (4.17) equipped with the compactly supported
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cohomology class ∆!Σ
∗(N ;f1,...,fnxg,m,k) on Z(E)CPN×Z(E)CPN , which lies in degree 2N+2n.

This class is certainly supported inside
⊔
m=m′+m′′ Z(E,m′)CPN ×Z(E,m′′)CPN , so it suffices

to fix a decomposition m = m′+m′′ and show that the restriction of ∆!Σ
∗(N ;f1,...,fnxg,m,k) to

Z(E,m′)CPN ×Z(E,m′′)CPN represents
∑

`=`′+`′ `′xg,m′,k ⊗ `′′xg,m′′,k.
To compute ∆!Σ

∗(N ;f1,...,fnxg,m,k) restricted to Z(E,m′)CPN ×Z(E,m′′)CPN , we consider
the more general expression

∆!Σ
∗(N ;f1,...,fnxg,m,k) ∪ p∗1(N ;f ′1,...,f

′
n′
xg,m′,k) ∪ p∗2(N ;f ′′1 ,...,f

′′
n′′
xg,m′′,k)

∈ H2N+2n+2n′+2n′′

c (Z(E)CPN ×Z(E)CPN ) (4.19)

where pi denotes the projection to the ith factor. The pushforward of this compactly sup-

ported cohomology class to H
2(N+1)+2n+2n′+2n′′+2
c (Z(E)CPN+1 × Z(E)CPN+1) represents the

same element of the Grothendieck group of 1-cycles, and may be described in multiple
ways. Namely, this pushforward has the same form as (4.19), and is obtained by increment-
ing N and adding exactly one f , f ′, or f ′′ (this is because a hyperplane in the diagonal
CPN+1 ⊆ CPN+1 × CPN+1 may be described as the pullback of a hyperplane in either
factor, or symbolically because (∆!α) ∪ β = ∆!(α ∪ ∆∗β) and ∆∗p∗iH = H). Now the ex-
pression (4.19) is a valid compactly supported cohomology class as long as either f1, . . . , fn
have compact joint zero set or both f ′1, . . . , f

′
n′ and f ′′1 , . . . , f

′′
n′′ have compact joint zero

set. We may thus add functions f ′ and f ′′ and then remove functions f to conclude that
∆!Σ

∗(N ;f1,...,fnxg,m,k,`) represents the same element in the Grothendieck group of 1-cycles as

[∆] ∪ p∗1(N̄ ;f ′1,...,f
′
n′
xg,m′,k) ∪ p∗2(N̄ ;f ′′1 ,...,f

′′
n′′
xg,m′′,k)

∈ H2N̄+2n′+2n′′

c (Z(E)CP N̄ ×Z(E)CP N̄ ) (4.20)

where N̄ −N = n′+n′′−n. Now expand [∆] =
∑

a′+a′′=N̄
a′,a′′≥0

Ha′ ⊗Ha′′ , and note that we can

achieve multiplication by Ha′ ⊗Ha′′ by adding a′ functions f ′ and adding a′′ functions f ′′.
We therefore obtain∑

a′+a′′=N̄
a′,a′′≥0

p∗1(N̄,f ′1,...,f ′n′+a′
xg,m′,k) ∪ p∗2(N̄ ;f ′′1 ,...,f

′′
n′′+a′′

xg,m′′,k)

∈ H2N̄+2n′+2n′′

c (Z(E)CP N̄ ×Z(E)CP N̄ ), (4.21)

which in H∗c (Z/Cpx3) is the sum of `′xg,m′,k ⊗ `′′xg,m′′,k in the Grothendieck group over
some set of pairs (`′, `′′) = (n′ + a′ − N̄ − m′k, n′′ + a′′ − N̄ − m′′k). To compute the
relevant pairs (`′, `′′), note that `′ + `′′ = (n′ + n′′) + (a′ + a′′) − 2N̄ − k(m′ + m′′) =
(n+ N̄−N)+ N̄−2N̄−mk = n−N−mk = `. Now we also have the inequalities a′, a′′ ≥ 0,
which translate to `′ ≥ n′ − N̄ − m′k = n − n′′ − N − m′k (and similarly for `′′). In this
lower bound on `′, the quantities n, N , and m′k are fixed, and we may choose n′′ as large as
we like. Thus by taking n′, n′′ → ∞ we obtain the desired sum of `′xg,m′,k ⊗ `′′xg,m′′,k over
all decompositions ` = `′ + `′′ (noting that all but finitely many of these terms vanish by
Lemma 4.11).

Lemma 4.14. Suppose m ≥ 1 and k ≥ 0, and consider the map H∗c (ZsF,≤(m)/Cpx3;Q) →
H∗c (ZsF,=(m)/Cpx3;Q). This map annihilates xg,m,k when (m−1)k > 0, and when (m−1)k =
0 it sends xg,m,k to the Poincaré dual of the point 0 ∈ H0(C,E) = Z(E,m)sF,=(m) for any
local curve E → C of type (g,m, k) with H1(C,E) = 0 (which exists).
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Proof. We can take E to be the direct sum of a pair of generic line bundles of degrees g− 1
and g − 1 + k. Now let us realize the definition of xg,m,k in (4.16) explicitly. The action of
C× on Z(E,m)=(m) = H0(C,E) is the standard multiplication action from its structure as a
complex vector space. Thus (Z(E,m)=(m))CPN → CPN is the total space of H0(C,E)⊗ L,
and elements of H0(C,E)∗ give allowable functions f : (Z(E,m)=(m))CPN → L. Now let
f ∈ H0(C,E)∗ run over a basis (note h0(C,E) = k) and note that the product of pullbacks
f ∗c1(L) is the Poincaré dual of the zero section inside the total space of (Z(E,m)=(m))CPN →
CPN . Now xg,m,k is defined by taking a product of n = mk + N total classes f ∗c1(L)/r,
so there are N + (m − 1)k more to go. The product we have so far is already compactly
supported, so we can just multiply by the hyperplane class to the power N + (m − 1)k.
Multiplying by N copies of the hyperplane yields the Poincaré dual of a single point. If
(m− 1)k = 0, this is the desired answer. If (m− 1)k > 0, then we need to multiply by more
hyperplanes, which yields zero.

5 Generic transversality

It is a standard result that for generic almost complex structures on a target manifold, all
simple pseudo-holomorphic maps from closed Riemann surfaces are unobstructed (see [18,
35, 49] for precise statements). We now derive analogous results for complex structures (see
Lemmas 5.6, 5.8, and 5.9). Since complex structures are much more rigid (for example, they
have no nontrivial perturbations supported inside a small ball), these results are necessarily
weaker than those in the almost complex setting: they only apply to a small neighborhood
of a given compact 1-cycle.

We then introduce ‘enough divisors’ (Proposition 5.10) and the ‘graph trick’ (Lemma
5.14), which allow us to bring generic transversality to bear on curve enumeration problems.
We use these to show that Grothendieck groups of 1-cycles are unchanged by imposing a
transversality condition on the 1-cycles in question (Theorem 5.15).

5.1 Regularity

The deformation theory of a map u : C → X from a smooth proper curve C to a smooth
complex analytic manifold X is controlled by H∗(C, u∗TX). The deformation theory of C
itself is controlled by H∗(C, TC[1]). The deformation theory of the pair (C, u) is controlled
by H∗(C, [TC[1] → u∗TX]) (the map TC → u∗TX being du). A deformation problem (in
any flavor) is said to be unobstructed when H≥1 = 0.

Given a finite set of points S ⊆ C, the deformation theory of the pair (C, S) is con-
trolled by H∗(C, TC(−S)[1]), and the deformation theory of a triple (C, S, u) is controlled
by H∗(C, [TC(−S)[1] → u∗TX]). We may also track of the behavior of the map u at the
marked points S. If du vanishes to order k at p ∈ S, then there is a map from the defor-
mation complex of (C, S, u) to Tu(p)X ⊗ [OC(−p)/OC(−(k + 1)p)] measuring the first order
variation in the derivatives of order < k of du at p. The cocone of this map then controls
the deformation theory of (C, S, u) subject to the condition that du vanishes to order k at
p. Similarly, if u maps a subset S0 ⊆ S to a single point of the target X, then there is
an induced map from the deformation complex of (C, S, u) to (Tu(S0)X)S0/Tu(S0)X, and the
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cocone of this map controls the deformation theory of (C, S, u) subject to the condition that
all points of S0 should map to the same point of X.

Given a submersion of complex manifolds X → B, we may also consider the deformation
theory of pairs (b, u : C → Xb), which is an extension of TbB and the deformation theory
of u. Note that this differs from the deformation theory of maps from C to the total space
X (which we will never consider). If X ′ → B′ is a pullback of a submersion X → B, then
a pair (b′, u′ : C → X ′b′) in X ′ → B′ which is unobstructed remains unobstructed when
pushed forward to X → B (and if B′ → B is submersive then conversely if the pushforward
is unobstructed then the original pair is unobstructed).

Definition 5.1 (Regular). Let u : C → X be a holomorphic map from a compact smooth
curve C. A point x ∈ C will be called special (for u) when du(x) = 0 or #u−1(u(x)) > 1.
The set S ⊆ C of special points is finite provided u is simple (nowhere a multiple cover),
which we now assume. We now consider the deformation theory of the triple (C, S, u) subject
to the constraint that the points S remain special with the same discrete data, meaning that
all conditions u(x) = u(x′) and (Dru)(x) = 0 which hold for u are preserved. We say that
the map u is regular when this deformation problem is unobstructed.

A dimension count shows that the addition of the points S and their constraints (‘re-
maining special with the same discrete data’) to the deformation problem of (C, u) adds to
the (complex) index the quantity

|S| − dimCX ·
(
|S| − |u(S)|+

∑
p∈S

ordp(du)
)
. (5.1)

When dimCX ≥ 3, this quantity is < 0 unless S = ∅.
Regularity is also defined for curves in fibers of a family X → B, meaning the deformation

problem includes variation in the base parameter. If X ′ → B′ is a pullback of X → B, then
regularity in X ′ → B′ implies regularity of the pushforward to X → B (and conversely when
B′ → B is a submersion).

Regularity is quite a strong condition on a map u : C → X (probably stronger than
necessary). Regularity of u, that is unobstructedness of the constrained deformation problem
in Definition 5.1, implies unobstructedness of any deformation problem for (C, u) with fewer
constraints (in particular, with no constraints), by inspecting the relevant exact sequence
relating the two. The most serious use of the strong unobstructedness properties encoded
by the notion of regularity will come in Proposition 6.9, where we need to know that regular
maps deform to smooth embeddings.

5.2 Deforming by regluing near a divisor

We will describe complex structures and families thereof by gluing. To this end, let us
introduce some notation. For complex manifolds U and V , denote by An(U, V ) the space of
analytic maps U → V with relatively compact image. If V admits an open embedding into
some Cn (which will always be the case for us), then An(U, V ) is a complex analytic Banach
manifold, locally modelled on the space of n-tuples of bounded holomorphic functions on U .
Given a complex manifold U , letR(U) = An(U−, U) (the space of ‘regluings’), where U− ⊆ U
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denotes a(n unspecified) large relatively compact open subset. More formally, R(U) is a pro-
object, namely the inverse system of all neighborhoods of the identity 1U ∈ An(U−, U) over
all relatively compact open sets U− ⊆ U . In all cases of interest to us, U will admit an open
embedding into some Cn, implying that R(U) is a (pro) complex analytic Banach manifold.

Definition 5.2. Given a complex manifold X with an open cover X = A ∪ B, we may
deform X by modifying the identification between open sets A ⊇ A∩B ⊆ B. More formally,
we consider the family X̃ → R(A ∩ B) defined by taking the trivial families A and B over
R(A∩B) and gluing via the base parameter A×R(A∩B) 3 (a, γ) ∼ (γ(a), γ) ∈ B×R(A∩B).
To make this construction precise, and to ensure the result is Hausdorff, we may fix relatively
compact sets A− ⊆ A and B− ⊆ B and glue (A− tB−)×R(A∩B) to obtain a proper map
X̃− → R(A ∩B).

We will in fact only need a special case of the above construction, namely when the
regluing takes place in a small neighborhood of a divisor (a closed complex submanifold of
codimension one).

Definition 5.3 (Deforming complex structure near a divisor). Let X be a complex manifold,
and let D ⊆ X be a smooth divisor. Regarding X as the gluing of X \D and NbdD over
their common intersection, Definition 5.2 provides a family X̃ → R(NbdD\D). This family
is smoothly trivial (analytic perturbations of the identity map on NbdD\D extend smoothly
to NbdD), so a choice of smooth trivialization determines a family of complex structures on
X parameterized by R(NbdD \D). We will also denote this base space by JD(X) (complex
structures on X obtained by regluing near D). Of course, this isn’t really a space but rather
a family of spaces depending on choices of neighborhoods, etc. Sometimes we will need to
fix a specific one, but we will do this at the relevant time.

The same construction applies to families X → B of complex manifolds. Given a relative
divisor D ⊆ X → B, meaning a divisor inside the total space which is submersive over
B, we may consider the set JD(X/B) = RB(NbdD \ D) =

⋃
b∈BR(NbdDb \ Db) → B, a

holomorphic section α of which determines a ‘vertical’ (i.e. over B) regluing Xα → B of X.

The tangent space to R(NbdD \D) at the identity is the space of germs of holomorphic
vector fields on NbdD possibly singular along D. We denote this space by H0(D,TX(∞D))
(implicitly restricting the sheaf of holomorphic sections of TX over X to the divisor D).
Such a vector field thus gives a first order deformation of the complex structure on X mod-
ulo gauge, that is an element of H1(X,TX). Concretely, this map H0(D,TX(∞D)) →
H1(X,TX) sends a holomorphic vector field v to (the Dolbeault cohomology class repre-
sented by) ∂̄((1− ϕ) · v) for a smooth function ϕ : X → [0, 1] supported inside an open set
U ⊆ X containing D such that v is defined on U \D and ϕ ≡ 1 in a neighborhood of D. Note
that the choice of ϕ evidently does not matter since ∂̄((1−ϕ)·v)−∂̄((1−ϕ′)·v) = ∂̄((ϕ′−ϕ)·v)
is exact in the Dolbeault complex since (ϕ′−ϕ) ·v is a smooth vector field on X (in contrast
to ϕ · v, which has singularities along D, or (1−ϕ) · v, which is defined only on U). In terms
of distributions, the map H0(D,TX(∞D)) → H1(X,TX) is simply v 7→ ∂̄v, where ∂̄v is
meant in the distributional sense and is supported on D since v is otherwise holomorphic
(indeed, ∂̄v − ∂̄((1− ϕ) · v) = ∂̄(ϕ · v) is exact in the distributional Dolbeault complex).
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5.3 Effect of divisorial deformations on curves

We now identify the sort of maps which can be made transverse by deforming the complex
structure near a divisor.

Definition 5.4 (D-controlled). Let D ⊆ X be a divisor. A map u : C → X from a smooth
proper curve C will be called D-controlled when u−1(D) ⊆ C is discrete and intersects every
component of C. A cycle z =

∑
imiCi in X will be called D-controlled when

⊔
i C̃i → X is

D-controlled.

It is elementary to observe that being D-controlled is an open condition on maps u :
C → X. Now let us argue the same is true for cycles:

Lemma 5.5. The set of D-controlled cycles in Z(X/B) is open for any relative divisor
D ⊆ X → B.

Proof. Suppose z =
∑

imiCi ∈ Z(X/B) isD-controlled. Since Ci intersectsD geometrically,
the algebraic intersection number Ci ·D is positive. If z′ =

∑
im
′
iC
′
i is close to z, then every

C ′i is homologous to a positive linear combination of some Ci’s, hence also has positive
algebraic intersection with D, thus a fortiori intersects it geometrically.

For any family X → B, the deformation complex of a map u : C → Xb maps to the
deformation complex of the pair (b, u : C → Xb), with cokernel TbB. This induces a map
from TbB to the obstruction space of the map u, whose cokernel is the obstruction space
of the pair (b, u). Explicitly, this map is the Kodaira–Spencer map TbB → H1(Xb, TXb)
followed by restriction (e.g. of Dolbeault representatives) from H1(Xb, TXb) to H1(C, TXb).

We now come to the key technical result underlying generic transversality, which says
that the space of first order deformations (of a complex structure) associated to a divisor D
by Definition 5.3 surjects onto the obstruction space of any D-controlled simple map u (via
the map defined in the paragraph just above).

Lemma 5.6 (Enough first order deformations). Let u : C → X be a simple map from
a smooth proper curve C to a complex manifold X, and let D ⊆ X be a divisor. If u is
D-controlled, then the map

H0(Nbd(D ∩ u(C)), TX(∞D))→ H1(C, TX) (5.2)

is surjective for every sufficiently small neighborhood of D ∩ u(C) ⊆ D inside X. In fact,
it is surjective onto the obstruction space for the problem of deforming the map u : C → X
subject to any finite number of point constraints (such as those appearing in the notion of
‘regularity’ in Definition 5.1).

Proof. Recall from above that the map in question sends a vector field v to ∂̄((1−ϕ)·v) (note
that the ‘primitive’ (1−ϕ) ·v is not defined globally on X, so does not trivialize this element
in cohomology), for any choice of cutoff function ϕ (supported near D and identically equal to
1 in a neighborhood of it). We will take ϕ to be (a smoothing of) the characteristic function
of a small tubular Nbd(D) of D. Fix a local projection π : X → C (defined near u(C) ∩D)
with D = π−1(0), and let Nbd(D) = π−1(Dε) be the inverse image of the ε-disk Dε ⊆ C.
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Now π ◦ u : C → C is a ramified cover near the origin, so the inverse image u−1(∂ Nbd(D))
is a union of circles, one going around each point of u−1(D). We will show that by varying
v, we can make u∗(∂̄((1− ϕ) · v)) approximate the delta function at any point of this union
of circles u−1(∂ Nbd(D)). This implies the desired surjectivity of (5.2) since every nonzero
element of H0(C,KC ⊗ T ∗X) = H1(C, TX)∗ has nonzero restriction to u−1(∂ Nbd(D)) by
holomorphicity and unique continuation (recall that u−1(∂ Nbd(D)) meets all components
of C). Note that adding finitely many point constraints to the deformation problem of
u : C → X (which leads to considering sections of KC ⊗ T ∗X which may have poles at
said points) does not affect this argument, since we can always choose u−1(∂ Nbd(D)) to
be disjoint from these finitely many special points (even if they happen to coincide with
u−1(D)).

It remains to prove that we can make ∂̄((1 − ϕ) · v) approximate a delta function at
any point of u−1(∂ Nbd(D)). Fix local coordinates X = Cz × C2

x,y near an (isolated, by
hypothesis) intersection point u(C) ∩D in which π is the z-coordinate, so D = {z = 0} =
0×C2

x,y and Nbd(D) = D2
ε×C2

x,y. Choose ϕ to be a smoothing of the characteristic function
H(ε− zz̄) of the ε-disk in Cz, so that ∂̄(1− ϕ) is a smoothing of δ(ε− zz̄)zdz̄. Writing v in
Laurent series expansion v =

∑
k fk(x, y)zk∂z, we calculate that ∂̄((1−ϕ) · v) = ∂̄(1−ϕ) · v

is a smoothing of δ(ε − zz̄)
∑

k fk(x, y)zk+1dz̄∂z. Now the factor
∑

k fk(x, y)zk+1dz̄∂z can
approximate any continuous function on ∂D2

ε × C2
x,y = ∂ Nbd(D) which is holomorphic on

fibers eiθ × C2
x,y (use approximation by Fourier polynomials in the ∂D2

ε direction). The
pullbacks of such functions to u−1(∂ Nbd(D)) are dense in continuous functions since u is
simple and π is a ramified covering.

5.4 Generic transversality

We now use the existence of enough first order deformations (Lemma 5.6) to prove ‘generic
transversality’, namely that generic divisorial deformations are regular in the following sense:

Definition 5.7 (D-regular). We say that a complex manifold X is D-regular (for a given
divisor D ⊆ X) when every D-controlled simple map is regular (Definition 5.1). More
generally, we make the same definition for any family X → B and any relative divisor D.

For all our eventual applications, we will need the families version of generic transversality
given in Lemma 5.9 below. But for sake of exposition, we begin by treating the case of a
single complex manifold:

Lemma 5.8 (Generic transversality). Fix a complex manifold X, a divisor D ⊆ X, and
a finite set A ⊆ D. After ‘trimming’ X to remove a closed subset contained in D \ A,
there exists a Banach manifold JD(X) of D-deformations of X, a generic point of which is
D-regular.

The effect of trimming X is to ‘localize’ the problem near the finite set A: it means
we only divisorially deform X in a neighborhood of A and that we only care about curves
whose intersection with D is contained in a neighborhood of A (in particular, the statement
becomes vacuous when A = ∅).
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Proof. This is a typical argument based on Smale’s infinite-dimensional Sard theorem [45].
The idea is that Lemma 5.6 asserts D-regularity of the universal family over JD(X), and the
infinite-dimensional Sard theorem converts this to D-regularity of fibers over generic points
of JD(X).

We begin by fixing a precise space JD(X) to consider. Let D ⊆ C denote the unit disk.
Fix coordinates D × Dn−1 on X near each point a ∈ A with a = (0, 0) and D = 0 × Dn−1,
and remove from X the part of D outside the interiors of the charts 0×Dn−1. We let JD(X)
consist of holomorphic sections f of the tangent bundle of (D \ 0)×Dn−1 with ‖f‖2 < ε for
some ε > 0, where the L2-norm is weighted near 0×Dn−1 so that meromorphic sections have
finite norm (this space is most naturally identified with the Lie algebra of R((D\0)×Dn−1),
and is subsequently mapped to it via the exponential map). By smearing the Cauchy Integral
Formula and appealing to Cauchy–Schwarz, we see that ‖f‖∞ over any compact subset of
the interior of (D \ 0)×Dn−1 is bounded linearly in ε. Thus for sufficiently small ε > 0, the
reglued family (Definition 5.3) is defined over JD(X). Using the L2-norm here guarantees
that the space JD(X) is separable.

Now consider a compact smooth (not necessarily connected!) surface C and a smooth
family of almost complex structures on C parameterized by a finite-dimensional smooth
manifold J (C). Now W k,2(C,X) is a smooth Banach manifold for any integer k ≥ 2 (note
that W k,2 ⊆ C0 for such k), whose product with J (C)×JD(X) carries the smooth Banach
bundle

J (C)×W k,2(C,X)×Wk−1,2(C,X) W
k−1,2(C, TC ⊗C TX)× JD(X)

J (C)×W k,2(C,X)× JD(X)

∂̄
(5.3)

with a section ∂̄ measuring the failure of the map C → X to be holomorphic. Now the
linearization (derivative) of ∂̄ at a triple (u : C → X, j, J) is a map

W k,2(C, u∗TX)⊕ TjJ (C)⊕ TJJD(X)→ W k−1,2(C, TC ⊗C u
∗TX) (5.4)

whose restriction to the first direct summand is the deformation complex of the map u.
Lemma 5.6 guarantees that the restriction to TJJD(X) surjects onto the obstruction space
H1(C, TX) if u is D-controlled. Thus ∂̄ is transverse to zero at every D-controlled holomor-
phic triple (u, j, J) with u simple.

Now restrict to the clopen subset of W k,2(C,X) consisting of those maps whose restriction
to every component of C has positive algebraic intersection with D (thus a holomorphic map
is D-controlled iff it lies in this set). Over this clopen set, the section ∂̄ is transverse to zero at
simple, hence its zero set ∂̄−1(0)simple (the open simple locus) is a smooth Banach manifold,
and the projection map

∂̄−1(0)simple → JD(X) (5.5)

is Fredholm by ellipticity of the deformation complex of the map u. Now Sard–Smale [45]
implies that the fibers of this map over generic elements of JD(X) are regular. We can cover
all curves using countably many pairs (C,J (C)), so we conclude that for generic elements
of JD(X), all D-controlled simple maps are unobstructed.

Now regularity is stronger than unobstructedness, since it involves a deformation problem
with point constraints. To prove regularity of D-controlled simple maps with respect to
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generic elements of JD(X), it suffices to apply the above argument to triples (C,J (C), γ)
where γ is a finite set of point constraints (again, countably many such triples suffice to
cover all possible situations).

Lemma 5.9 (Generic transversality in a family). Fix a family of complex manifolds X → B
over a finite simplicial complex B, a relative divisor D ⊆ X → B, and a set A ⊆ D whose
map to B is proper with finite fibers. After ‘trimming’ X to remove a closed subset contained
in D \ A and subdividing B, there exists a Banach space of D-deformations of X → B, a
generic point of which is D-regular.

More generally, suppose D ⊆ X×BV → V is a relative divisor over a subcomplex V ⊆ B,
and suppose U ⊆ B is a constructible open set (i.e. the complement of a subcomplex) con-
tained in V . Then after trimming X over V , there exists a Banach space of D-deformations
of X → B vanishing over the complement of U , a generic point of which is D-regular over
U .

Proof. The argument is similar to Lemma 5.8.
We first argue that there exists a finite collection of subcomplexes Mi ⊆ B and charts

(D, 0)× Dn−1 ×Mi (X,D)

Mi B

φi

(5.6)

with the property that φ−1
i (A) ⊆ 0 × Dn−1

1/2 ×Mi (where D1/2 ⊆ D denotes the subdisk of

radius 1
2
) and whose interiors 0 × Dn−1

1/2 ×M◦
i jointly cover A (note that these charts may

overlap arbitrarily); here D ⊆ C denotes the closed unit disk. Such a collection of charts is
illustrated as follows:

X

B

A
(5.7)

Note how the bold horizontal boundary of each chart 0× (Dn \Dn−1
1/2 )×Mi is indeed disjoint

from A.
To construct such a system of charts (5.6), argue as follows. By compactness of A

(note that B is compact and A → B is proper), it suffices to produce a chart covering a
neighborhood of any given point of A. Given a point a ∈ A over b ∈ B, we may fix a chart
(D, 0) × Dn−1 ⊆ (Xb, Db) in which a = (0, 0) and which contains no other point of A (note
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A→ B has finite fibers). We may then extend this to a chart (D, 0)×Dn−1 ×M on (X,D)
over a neighborhood M of b ∈ B. Properness of A → B implies that the inverse image of
A in these coordinates will be contained in 0× (D2

1/2)n−1 ×M , after possibly shrinking M .
Now this M is an open subset of B, rather than a subcomplex, but this may be rectified by
subdividing X.

Now given any collection of charts φi : (D, 0) × Dn−1 ×Mi ↪→ (X,D) as above, we may
construct D-deformations of (a trimming of) X → B as follows. Consider any collection of
sections of TX/B over each punctured chart (D\0)×Dn−1×Mi which vanish over (the inverse
image of) ∂Mi = Mi \M◦

i (the topological boundary, as a subset of B). The (naive) sum
of all such sections may (despite having no control on how the charts intersect each other)
be exponentiated as in Definition 5.3 to give a regluing of X \

⋃
i 0× (∂(Dn−1))×Mi → B

(note that the locus we remove from X is indeed disjoint from A).
Finally, we should specify an appropriate Banach space of D-deformations. On each

chart D × Dn−1 ×M , we consider the space of simplex-wise analytic sections of TX/B over
(D \ 0) × Dn−1 ×M which vanish over ∂M (and over B′, if present). We consider the L2-
norm on this space which integrates over a small neighborhood inside the complexification
(D\0)×Dn−1×MC, with exponential weight near the puncture 0×Dn−1×MC so that poles
of arbitrary orders there are allowed. Now we take our Banach space of D-deformations to
be the direct sum of all these spaces. Now the same argument used in the proof of Lemma
5.8 shows that generic elements of this Banach space are D-regular.

5.5 Enough divisors

To get any mileage out of generic transversality as formulated in Lemmas 5.8 and 5.9, we
need a sufficiently rich collection of divisors. Given a single 1-cycle z in a single threefold X,
it is trivial to observe that, after replacing X with a small neighborhood of z, there exists a
divisor D ⊆ X controlling z (namely, D is a union of transverse disks at a finite collection
of smooth points on z). To apply Lemma 5.9, we will need to know this result for families
of cycles in families of threefolds, which will involve a nontrivial inductive argument to keep
the chosen divisors disjoint:

Proposition 5.10 (Enough divisors). Let X → B be a family of complex threefolds over
a finite simplicial complex, and let K ⊆ Z(X/B) be a compact analytic set for which the
map K → B is injective. After possibly removing a closed subset from X disjoint from K
(call this ‘trimming X near K’), there exists a finite collection of open subsets Ui ⊆ B and
disjoint relative divisors Di ⊆ X ×B Ui → Ui such that every z ∈ K is Di-controlled for
some i.

We emphasize that, in this statement, it is utterly irrelevant to ask that the Ui cover B,
rather the goal is to ‘cover’ (or, more precisely, control) all the cycles in K.

Proof. First, let us discuss how to construct (germs of) relative divisors D ⊆ X → B
locally near a given point x ∈ X. Suppose x lies over the interior of a simplex σ ⊆ B.
Define Dσ ⊆ Xσ as the transverse zero set Dσ = f−1

σ (0) of a (germ of) holomorphic map
fσ : (Xσ, x) → (C, 0) defined near x. To explain the term ‘holomorphic’ for πσ, recall that
Xσ → σ is the restriction of a given family XC

σ → σC ∼= Cdimσ over the complexification, so it
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makes sense to require that fσ be the restriction to Xσ of a (necessarily unique) holomorphic
function on XC

σ . For Dσ to be a relative divisor, we need it to be submersive over σ, which in
terms of fσ is the condition that dfσ|TX/B is surjective. To extend Dσ to a neighborhood of x
in the total space X, it suffices to extend fσ to a (simplexwise) holomorphic map f (note that
surjectivity of df |TX/B is an open condition), which can be done using induction on simplices
and Lemma 2.4. Note that there are plenty of analytic functions on a simplex vanishing on
its boundary, which will be important below when we want to ‘choose divisors generically’.
We note that the resulting germ of relative divisor D ⊆ X → B can be promoted to a true
(not germ) relative divisor over an open neighborhood of the image of x in B, by removing
a suitable closed subset of X.

Given the local existence of relative divisors, compactness of K immediately produces
a finite collection of relative divisors Di ⊆ X ×B Ui → Ui (Ui ⊆ B open) such that every
z ∈ K is Di-controlled for some i. These divisors, however, need not be disjoint. Rather
than ensuring the divisors are disjoint (Di ∩Dj = ∅ for all i 6= j), note that it is enough to
ensure the seemingly weaker condition that Di∩Dj ∩ z = ∅ for all z ∈ K and i 6= j, as then⋃
i<j Di ∩ Dj ⊆ X is closed and disjoint from K so we can simply remove it. To produce

divisors with this property, we use an inductive argument, the key being that intersections
D∩D′∩z generically happen over a codimension two (dim(U/Z)−codimD−codimD′ = −2)
subset of K.

To make the inductive argument work, we consider the following more general problem.
In addition to the data of X → B and K ⊆ Z(X/B), fix a relative singular divisor Dprev ⊆
X → B whose intersection with every cycle in K is discrete. By ‘relative singular divisor’, we
mean a (not necessarily disjoint or transverse) union of compact subsets of relative divisors
over open subsets of the base. We then ask for a finite collection of relative divisors Di ⊆
X ×B Ui → Ui (Ui ⊆ B open) which together control all z ∈ K and which are disjoint from
each other and from Dprev. Our original problem is the special case Dprev = ∅.

Now we claim that this more general problem always has a solution. We argue by
induction on dimK, the case K = ∅ being trivial. Suppose given an instance of the more
general problem with some given (Dprev, K). Given any choice of relative divisors Di (not
necessarily mutually disjoint or disjoint from Dprev) controlling all z ∈ K, we consider the
problem of the pair

(Dprev′, K ′) =

(
Dprev ∪

⋃
i

Di,

πK

((
U(X/B)×Z(X/B) K

)
∩
⋃
i

(
Di ∩

(
Dprev ∪

⋃
j 6=i

Dj

))))
. (5.8)

Choosing the Di generically ensures that K ′ has real codimension at least two inside K, and
hence that this new problem has a solution by the induction hypothesis. We may thus choose
relative divisors D′i which solve (Dprev′, K ′), that is they are mutually disjoint, disjoint from
Dprev and from every Di, and they control all z ∈ K ′, hence all z in a neighborhood of this
set (Lemma 5.5). Now to solve our original problem (Dprev, K), we take these D′i along with
the restrictions of the Di to Ui \NbdK ′. The intersections of these divisors with each other
and with Dprev will be disjoint from U(X/B)×Z(X/B)K by definition of K ′ hence can simply
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be removed from X.

5.6 Semi-regularity

Transversality (in its various forms discussed in Section 5.1) is a notion for maps u : C → X,
and it is much less clear what a reasonable notion of transversality for 1-cycles

∑
imiCi in X

would be. The following notion is rather blunt but will serve our purpose (it is not intended
to be related to semi-regularity in the sense of Bloch [6]).

Definition 5.11 (Semi-regular). For a family of complex manifolds X → B over a complex
(or real) manifold B, we will call a 1-cycle z =

∑
imiCi ∈ Z(X/B) semi-regular when the

(necessarily simple!) map
⊔
i C̃i → X is regular (in the family X → B) in the sense of

Definition 5.1. We denote by Zsr ⊆ Z the locus of semi-regular cycles.

Semi-regularity is not preserved by, but does descend along, pullbacks. Namely, suppose
X ′ → B′ is a pullback of X → B, fix z′ ∈ Z(X ′/B′) and denote by z ∈ Z(X/B) its image.
If z′ is semi-regular then z is semi-regular. If z is semi-regular and B′ → B is a submersion,
then z′ is semi-regular. The condition that B′ → B be a submersion is necessary: the
deformation theory of z may be unobstructed, yet become obstructed when we restrict from
varying in B to varying in B′.

Definition 5.12 (Semi-regular). For a family of complex manifolds X → B over a simplicial
complex B, we will call a 1-cycle z = Z(X/B) semi-regular when it is semi-regular as a point
of Z(Xσ◦/σ

◦) where σ ⊆ B is the smallest simplex containing the image of z (that is, the
unique simplex whose interior contains the image of z). Note that here we are considering
semi-regularity in the family Xσ◦ → σ◦ over the real simplex σ◦, not over its complexification
(which would be a weaker condition).

We use this ‘stratum-wise’ definition of semi-regularity since it is compatible with pull-
back: we have Z(X ′/B′)sr = Z(X/B)sr ×B B′ for X ′ → B′ the pullback of X → B along a
map of simplicial complexes B′ → B.

5.7 Interior semi-regularity

Now we would like define a variant of the Grothendieck group of 1-cycles H∗c (Z/Cpx3)
using only semi-regular cycles (Definitions 5.11 and 5.12 above). For this variant to have
enumerative significance (or, more specifically, so that it admits a pushforward map to
H∗c (Z/Cpx3)), we must restrict to interior semi-regular cycles (which just means cycles in
the interior Zsr◦ of the locus of semi-regular cycles Zsr ⊆ Z). Now semi-regularity (Definition
5.12) is compatible with pullback and local in the sense of Definition 3.13, but formation of
the interior is not compatible with pullback: for a family of threefolds X → B over a finite
simplicial complex B and a map B′ → B, we have an (open) inclusion

Z(X ′/B′)sr◦ ⊇ Z(X/B)sr◦ ×B B′ (5.9)

which need not be an equality (at least, we see no reason why it would always be an equal-
ity). This means that Definition 3.13 is not sufficient to define a Grothendieck group of
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interior semi-regular 1-cycles H∗c (Zsr◦/Cpx3), so it requires some generalization which we
now explain.

To construct a sensible Grothendieck group of interior semi-regular 1-cycles, we turn to
Lemma 3.4, which decomposed the bivariant group H∗c (Z(X/B)/B) into a combination of
the bivariant groups H∗c (Z(X×Bσ/σ)/σ) obtained by restricting X → B to simplices σ ⊆ B.
Now we turn around the logic and take the statement of Lemma 3.4 as a definition. This
allows for more flexibility in the sort of subsets of Z that we can consider (compared with
the setup of Definition 3.13).

Definition 5.13 (Modified Grothendieck group of 1-cycles H∗c (Zα/Cpx3)). Let Zα ⊆ Z be
the specification of a locally closed subset Zα(X/σ) ⊆ Z(X/σ) for every family of threefolds
X → σ over a simplex, satisfying the following properties:

• For every map of simplices σ′ → σ, the pair of locally closed subsets Zα(X/σ)×σσ′ and
Zα(X×σ σ′/σ′) (both subsets of Z(X×σ σ′/σ′)) is good (in the sense of the discussion
below Definition 3.13), and they are equal when σ′ → σ is surjective.

• Zα ⊆ Z is local, in the sense that for any open setX− ⊆ X → B, we have Zα(X−/B) =
Z(X−/B) ∩ Zα(X/B).

Warning: although Zα(X/B) may be defined for finite simplicial complexes B, we com-
pletely ignore these spaces and instead consider only the spaces Zα(X×B σ/σ) for individual
simplices σ!

Now we consult Lemma 3.4 and define

H∗c (Zα(X/B)/B) := H∗c

(
Z(X/B),

⊕
σ⊆B

ZZα(X×Bσ/σ)[dimσ]
)
. (5.10)

where the direct sum of sheaves on the right is equipped with the differential given by the
sum (with the usual orientation signs) over codimension one inclusions σ′ ⊆ σ of the maps
ZZα(X×Bσ/σ) → ZZα(X×Bσ′/σ′), arising from the fact that the pair of locally closed subsets
Zα(X×Bσ/σ) and Zα(X×Bσ′/σ′) of Z(X/B) is good (which is implied by our hypothesis on
Zα). Warning: The notation in (5.10) is very abusive: the left hand side is not the bivariant
H∗c group of a map Zα(X/B)→ B.

We may now define H∗c (Zα/Cpx3) := colim−−−→X→BH
∗
c (Zα(X/B)/B) as usual. We should

note that this directed colimit is filtered, by following the proof of Lemma 3.2, which uses the
hypothesis that Zα ⊆ Z is local and that we have equality Zα(X/σ)×σ σ′ = Zα(X×σ σ′/σ′)
for σ′ → σ surjective, in the last step.

Definition 5.13 applies to the locus of interior semi-regular cycles Zsr◦ ⊆ Z, yielding a
group H∗c (Zsr◦/Cpx3). More generally, given any system of locally closed subsets Zα ⊆ Z as
in Definition 3.13, we may consider the subset Zsr◦

α = (Zα)sr◦ ⊆ Zα (where interior is taken
relative Zα, not relative Z!) and apply Definition 5.13 to form a group H∗c (Zsr◦

α /Cpx3). Note
that Zα ∩ Zsr◦ may be a proper subset of Zsr◦

α when Zα ⊆ Z is not an open subset.

5.8 Graph trick

We are now working towards using generic transversality (Proposition 5.9) to show that the
map H∗c (Zsr◦/Cpx3) → H∗c (Z/Cpx3) is an isomorphism (Theorem 5.15 below). However,
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there appears, at first glance, to be a gap between the applicability of Proposition 5.9 and the
situation of classes in H∗c (Z/Cpx3). Namely, any class in H∗c (Z/Cpx3) may be represented
by a family X → B over a finite simplicial complex B and a class in H∗K(Z(X/B)/B) for
some compact K ⊆ Z(X/B). But to perturb the family X → B to achieve transversality
near K using Proposition 5.9, we require a collection of relative divisors controlling all cycles
in K, which may be produced using Proposition 5.10 only under the additional hypothesis
that K → B is injective. To bridge this gap, we introduce the ‘graph trick’, which converts a
class in H∗K(Z(X/B)/B) for some compact K ⊆ Z(X/B) into a class in H∗K′(Z(X ′/B′)/B′),
representing the same element in H∗c (Z/Cpx3), for which K ′ → B′ is injective.

Before introducing the graph trick, we need to discuss stabilization. The stabilization of
a family X → B should be the product X × R → B × R, and the stabilization of a class
γ ∈ H∗c (Z(X/B)/B)) should be its pushforward to H∗c (Z(X×R/B×R)/B×R)) under the
×0 map B → B×R; more generally we may consider multiplication with Rk for any k <∞.
However, we wish to stay within the setting of simplicial complexes, so we will replace B×R
with some similar operation for simplicial complexes.

To stabilize a simplicial complex B, we consider its join with a point. The join T ? T ′ of
simplicial complexes T and T ′ has vertices V (T ? T ′) = V (T )t V (T ′), and a subset of these
vertices spans a simplex iff its intersections with V (T ) and V (T ′) both span simplices (or
are empty). Now the join B?∗ contains (inside its geometric realization) a copy of B× [0, 1)
via the map (b, t) 7→ ((1 − t)b, t). Iterating, there is an open embedding from B × [0, 1)k

into B ? ∗ ? · · · ? ∗ for the join with k points. We will really care only about this open subset
B × [0, 1)k.

To stabilize a family X → B, we would like to pull it back to B × [0, 1)k under the
evident projection to B. To make sense of this over the join B ? ∗ ? · · · ? ∗, we consider
the map (b, t1, . . . , tk) 7→ (1 − t1 − · · · − tk)

−1b, which makes sense on complexifications
away from the complexified simplex (∗ ? · · · ? ∗)C (a family over the complement of this
simplex is also a family over the entire B ? ∗ ? · · · ? ∗). This defines the stabilized family
X × [0, 1)k → B × [0, 1)k ⊆ B ? ∗ ? · · · ? ∗.

Now there is a pushforward mapH∗c (Z(X/B)/B)→ H∗c (Z(X×[0, 1)k/B×[0, 1)k)/B×[0, 1)k)
induced by the inclusion of simplicial complexes B ↪→ B ? ∗ ? · · · ? ∗.
Lemma 5.14 (Graph trick). Every class in H∗c (Z/Cpx3) (resp. ker(H∗c (Zsr◦/Cpx3) →
H∗c (Z/Cpx3))) is in the image of H∗K(Z(X/B)/B) (resp. ker(H∗K(Zsr◦(X/B)/B)→ H∗K(Z(X/B)/B)))
for some family of threefolds X → B over a finite simplicial complex B and some compact
subanalytic [5] set K ⊆ Z(X/B) whose map to B is injective.

The same holds with Zα in place of Z, for any locally closed subset Zα ⊆ Z which is
compatible with pullback and local, in the sense of Definition 3.13.

Proof. If we remove the requirement that K → B be injective, then this follows from
elementary properties of directed colimits. It thus suffices to begin with an element of
H∗K(Z(X/B)/B) (resp. ker(H∗K(Zsr◦(X/B)/B) → H∗K(Z(X/B)/B))) and modify it to en-
sure that K → B is injective, keeping its image in H∗c (Z/Cpx3) (resp. ker(H∗c (Zsr◦/Cpx3)→
H∗c (Z/Cpx3))) the same.

Consider the stabilization X × [0, 1)k → B × [0, 1)k. For any class γ ∈ H∗K(Z(X/B)/B),
we may consider its pushforward

γ × y ∈ H∗K×y(Z(X×[0, 1)k/B×[0, 1)k)/B×[0, 1)k) (5.11)
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along the ×y inclusion B ↪→ B × [0, 1)k for any y ∈ [0, 1)k. The classes γ and γ × {0}k
represent the same element of H∗c (Z/Cpx3). On the other hand, the classes γ × y all agree
with each other in H∗c . We will take y = {1

2
}k.

Now consider the map Z(X/B)× [0, 1)k → Z(X/B)× Rk given by Tf : (z, y) 7→ (z, y +
f(z)) for some function f : Z(X/B) → (−1

2
, 1

2
)k. Note that the image of K × {1

2
}k under

this map remains a compact subset of (0, 1)k, so we can make sense of the pushforward

(Tf )∗(γ × {1
2
}k) ∈ H∗

Tf (K×{ 1
2
}k)

(Z(X×[0, 1)k/B×[0, 1)k)/B×[0, 1)k). (5.12)

This pushforward coincides with γ × {1
2
}k in H∗c , by a homotopy argument, so it represents

the same class as γ in H∗c (Z/Cpx3). On the other hand, it is supported over the graph of
1
2
+f |K , which maps injectively to [0, 1)k provided we take f : Z(X/B)→ (−1

2
, 1

2
)k to restrict

to an embedding over K (we can also make f subanalytic so that this graph is subanalytic).
Now if instead γ ∈ ker(H∗K(Zsr◦(X/B)/B)→ H∗K(Z(X/B)/B)), we may proceed in the

same way and see that

(Tf )∗(γ × {1
2
}k) ∈ ker

(
H∗
Tf (K×{ 1

2
}k)

(Zsr◦(X×[0, 1)k/B×[0, 1)k)/B×[0, 1)k)

H∗
Tf (K×{ 1

2
}k)

(Z(X×[0, 1)k/B×[0, 1)k)/B×[0, 1)k)
)

(5.13)

represents the same element in ker(H∗c (Zsr◦/Cpx3)→ H∗c (Z/Cpx3)) as γ.
The same reasoning applies to any Zα ⊆ Z.

It may be worthwhile to formulate the graph trick as the statement that the map from a
suitably defined Grothendieck group H∗c,inj(Zα/Cpx3) (a directed colimit of H∗K(Zα(X/B)/B)
over families X → B and subsets K ⊆ Z(X/B) injecting into B) to H∗c (Zα/Cpx3) is an
isomorphism, for any Zα ⊆ Z as in Definition 5.13. We will not pursue this here.

5.9 Generic transversality and the Grothendieck group

We now use generic transversality to argue that the Grothendieck group of interior semi-
regular 1-cycles H∗c (Zsr◦/Cpx3) coincides with that of all 1-cycles H∗c (Z/Cpx3). The argu-
ment will be somewhat technical, but the rough idea is as follows. According to the graph
trick (Lemma 5.14), we may represent classes in the Grothendieck group of 1-cycles by bi-
variant classes γ ∈ H∗K(Z(X/B)/B) supported over compact subsets K ⊆ Z(X/B) → B
mapping injectively to B. Since K → B is injective, we can control K with divisors (Propo-
sition 5.10), which allows us to apply generic transversality (Proposition 5.9) to construct a
perturbation of the family X → B making a neighborhood of K semi-regular. We may then
‘push’ our class into the interior semi-regular locus.

Theorem 5.15. The map H∗c (Zsr◦/Cpx3) → H∗c (Z/Cpx3) is an isomorphism. The same
holds with Zα in place of Z, for any any locally closed subset Zα ⊆ Z which is compatible
with pullback and local, in the sense of Definition 3.13.

Proof of surjectivity. Fix a class in H∗c (Z/Cpx3), and let us show it is in the image of
H∗c (Zsr◦/Cpx3). Represent this class in H∗c (Z/Cpx3) by a class γ ∈ H∗K(Z(X/B)/B) for
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some family of threefolds X → B over a finite simplicial complex B and some compact
K ⊆ Z(X/B). According to the graph trick (Lemma 5.14), we may assume wlog that K is
subanalytic and that its map to B is injective.

Now let us argue that we can take B to be a homology manifold (dualizing sheaf is
locally ∼= Z[d] for some d ∈ Z) over a neighborhood of the image of K (this step is probably
unnecessary, but will make things easier later). To achieve this, first choose an embedding
B ↪→ B̂ into a simplicial complex B̂ which is a homology manifold over a neighborhood of
the image of B. For example, we could take B̂ to be a triangulation of [−1, 2]V (B) which
contains (some subdivision of) B ⊆ RV (B) as a subcomplex (note that subdividing B is not
a problem by Lemma 3.3). Now there is a local retraction B̂ → B (on complexifications),
and pulling back X → B along it defines a family X̂ → B̂ whose restriction to B is X → B.
Now we may push forward our class in H∗K(Z(X/B)/B) to H∗K(Z(X̂/B̂)/B̂) to achieve the
desired result.

Now we apply ‘enough divisors’ (Proposition 5.10, which applies since K is subana-
lytic and K → B is injective) to trim X away from K (which leaves the image of γ ∈
H∗c (Z(X/B)/B) in the Grothendieck group unchanged) and thereafter fix disjoint relative
divisors Di ⊆ X ×B Wi → Wi for open sets Wi ⊆ B which together control K.

Now we wish to apply generic transversality (Lemma 5.9, or rather its generalization to
multiple divisors) to the family of controlling divisors Di ⊆ X ×B Wi → Wi. If Vi ⊆ Wi

denotes the largest subcomplex of B contained in Wi, and Ui ⊆ Vi denotes the largest
constructible open set (i.e. the complement of a subcomplex) contained in Vi, then Lemma
5.9 would guarantee that a generic deformation of X → B using Di over Ui is

⊔
i(Di×Wi

Ui)-
regular. To ensure that

⊔
i(Di×Wi

Ui) continues to control K (at the moment, we only know
that

⊔
iDi controls K), it suffices to replace B with a sufficiently fine subdivision thereof

(which is ok by Lemma 3.3).
Now we actually apply Lemma 5.9 not to X → B itself but to the stabilization X×R≥0 →

B × R≥0 (see Section 5.8) and the constructible open sets Ui × R>0. This produces for us a
collection Φ of simplex-wise analytic sections ϕi : B × R≥0 → JDi×R≥0

(X×R≥0/B×R≥0) =
JDi(X/B)×R≥0 which are nonzero only on Ui×R>0, for which the resulting reglued family
(X × R≥0)Φ → B × R≥0 is (

⊔
i(Di ×Wi

Ui)× R>0)-regular.
Now we wish to ‘push’ our class in H∗K(Z(X/B)/B) into the interior semi-regular locus

of (the relative cycle space of) the reguled family (X × R≥0)Φ → B × R≥0. This is in
some sense trivial, yet when written out seems complicated. First choose a local retraction
r : Z((X×R≥0)Φ/(B×R≥0)) → Z(X/B) defined in a neighborhood of the compact set
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K ⊆ Z(X/B).

B × R≥0

Z((X×R≥0)Φ/(B×R≥0))

K

domain of r

r−1(K)

(5.14)

More precisely, we suppose that r is defined on an open subset of Z((X×R≥0)Φ/(B×R≥0))
containing K, and we note that by shrinking said open set, we may assume wlog that the
inverse image r−1(K) is proper over [0, ε] for some ε > 0. We now consider the following
diagram of spaces

Z(X/B) Z((X×R≥0)Φ/(B×R≥0)) Z(X/B)× R≥0

B B × R≥0 B × R≥0

r×pR≥0

×0

(5.15)

and the induced diagram on bivariant H∗c groups

H∗K(Z(X/B)/B) H∗K×[0,ε]((Z(X/B)×R≥0)/(B×R≥0))

H∗
r−1(K)×p−1

R≥0
([0,ε])

(Z((X×R≥0)Φ/(B×R≥0))/(B×R≥0))

(r×pR≥0
)∗ (5.16)

in which the horizontal and diagonal arrows are pushforward along (×0) : B → B ×
R≥0 and in which the vertical arrow is pullback along r × pR≥0

. This pullback requires
identifying the sheaves ωB×R≥0

= ωB ⊗ ωR≥0
and (r × pR≥0

)∗ωB×R≥0
= r∗ωB ⊗ ωR≥0

on

Z((X×R≥0)Φ/(B×R≥0)) over a neighborhood of r−1(K)×p−1
R≥0

([0, ε]): such an identification

comes from the fact that B is a homology manifold (over a neighborhood of the image of
K) and from shrinking ε > 0. Now observe that the top horizontal map may be described
as the pushforward along (×t) : B → B ×R≥0 for any t ∈ [0, ε]! We conclude that the class
of γ ∈ H∗K(Z(X/B)/B) in the Grothendieck group of 1-cycles coincides with the class of

(r×pR≥0
)∗(γ × t) ∈ H∗

r−1(K)∩p−1
R≥0

(t)
(Z((X×R≥0)Φ/(B×R≥0))/(B×R≥0)). (5.17)
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Now we claim that the support r−1(K)∩p−1
R≥0

(t) ⊆ Z((X×R≥0)Φ/(B×R≥0)) of this class lies
within the interior semi-regular locus. This locus lies within an arbitrarily small neighbor-
hood of K, hence is (

⊔
i(Di ×Wi

Ui) × R>0)-controlled (since being controlled is an open
condition on 1-cycles). Now the locus of (

⊔
i(Di ×Wi

Ui)× R>0)-controlled 1-cycles is semi-
regular and open, hence interior semi-regular. We have thus shown that our given arbitrary
class of H∗c (Z/Cpx3) lies in the image of H∗c (Zsr◦/Cpx3)→ H∗c (Z/Cpx3), as desired.

Proof of injectivity. To prove injectivity of the map H∗c (Zsr◦/Cpx3) → H∗c (Z/Cpx3), we
just need a relative version of the argument used for surjectivity. Represent an arbi-
trary class in ker(H∗c (Zsr◦/Cpx3) → H∗c (Z/Cpx3)) by a class in ker(H∗K(Zsr◦(X/B)/B) →
H∗K(Z(X/B)/B)) for some family of threefolds X → B over a finite simplicial complex B and
some compact K ⊆ Z(X/B). Our goal is to show this class maps to zero in H∗c (Zsr◦/Cpx3).
According to the graph trick (Lemma 5.14), we may assume that K is subanalytic and that
its map to B is injective.

As in the proof of surjectivity, we will need to subdivide B at various points in the argu-
ment. This presents an additional difficulty in the present context, as the notion of interior
semi-regularity is not preserved under subdivision (compare Section 5.7). By replacing the
standard map (on geometric realizations) bB → B by a generic perturbation thereof (say,
send each vertex of bB to any interior point of the corresponding simplex of B, not necessar-
ily its barycenter, and extend linearly), we can ensure that every semi-regular 1-cycle over
B remains semi-regular over bB (the difference being that semi-regularity over bB involves
directions in bB which are tangent to the simplex of bB we are in, which may be a proper
subspace of the tangent space of the simplex of B we are in). Now the interior semi-regular
locus over bB may be strictly larger than that over B, but it does not matter: there is still
a pushforward map from H∗c (Zsr◦(X/B)/B) to H∗c (Zsr◦(bX/bB)/bB), which is all we need.
This pushforward map is compatible with the map from both the domain and codomain to
H∗c (Zsr◦/Cpx3), by the usual concordance argument from Lemma 3.3. This means we are
allowed to replace B with a very fine subdivision thereof.

Now we continue to follow the argument used for surjectivity. For the same reasons as
before, we may assume wlog that B is a homology manifold over a neighborhood of the image
of K. We may apply ‘enough divisors’ to produce disjoint relative divisors Di ⊆ X×BWi →
Wi which together control K. We may also apply generic transversality (after subdividing
B) to produce a collection Φ of analytic sections ϕi nonzero on Ui×R>0 for which the reglued
family (X × R≥0)Φ → B × R≥0 is (

⊔
i(Di ×Wi

Ui)× R>0)-regular.
Now it remains to push our situation in Z(X/B) → B into the interior semi-regular

locus of (the relative cycle space of) the reguled family (X × R≥0)Φ → B × R≥0. We draw
the same diagram (5.16), and we conclude that our class γ ∈ ker(H∗K(Zsr◦(X/B)/B) →
H∗K(Z(X/B)/B)) is equivalent in H∗c (Zsr◦/Cpx3) to its image

(r×pR≥0
)∗(γ × t)

∈ ker
(
H∗
r−1(K)∩p−1

R≥0
(t)

(Zsr◦((X×R≥0)Φ/(B×R≥0))/(B×R≥0))

→ H∗
r−1(K)∩p−1

R≥0
(t)

(Z((X×R≥0)Φ/(B×R≥0))/(B×R≥0))
)
. (5.18)
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But this map (whose kernel we are taking) is now an isomorphism since, as argued above,
the support r−1(K)∩p−1

R≥0
(t) lies in the interior semi-regular locus.

6 Generation by local curves

We now study the Grothendieck group of interior semi-regular semi-Fano 1-cyclesH∗c (Zsr◦
sF /Cpx3)

from Section 5.7. Interior semi-regularity along with semi-Fano together imply that the di-
mension of this space of cycles is bounded above by its virtual dimension (Lemma 6.3). This
bound implies H∗c (Zsr◦

sF /Cpx3) is supported in virtual dimension ≥ 0 and in virtual dimen-
sion zero is generated by Poincaré duals of smooth points. We then use the multiplicity
filtration to analyze these generators and prove Theorem 6.13, which is the ‘generation’ part
of Theorem 1.2. Generic transversality in the form of Theorem 5.15 is crucial (but is applied
as a black box).

6.1 Semi-charts

Around each point z ∈ Z(X) is a semi-chart defined as follows.

Definition 6.1 (Semi-chart). Let z =
∑

imiCi ∈ Z(X) be a point. Denote by C̃i → Ci the
normalization of Ci, so each C̃i is a compact smooth curve. We consider all local deformations
of C̃ =

⊔
i C̃i → X (including deformations of the complex structure on the domain),

which defines for us a germ of complex analytic space (Sz, z) (note that this is precisely the
deformation theory considered for the notion of semi-regularity Definition 5.11). There is
now a map (Sz, z) → (Z(X), z) sending C̃ ′ =

⊔
i C̃
′
i → X the cycle

∑
imiC

′
i. We call this

the semi-chart at z.

The prefix ‘semi-’ is meant to reflect the fact that semi-charts need not be (germs of) open
embeddings, since they does not take into account the possibility of the topology changing
(as in xy = t or y2 = x(x − t)(x + t) near t = 0) or of curves with multiplicities breaking
apart (as in y2 = tx near t = 0). By ‘open embedding’ we just mean ‘an isomorphism onto
an open subset’ (topological isomorphism is enough).

It turns out that the semi-charts are open embeddings not into Z but rather into the
strata of a certain stratification of Z, as we now explain. Recall the multiplicity map Z →M
from Definition 2.1 and that it is (analytically) constructible and upper semi-continuous (sub-
level sets Z(X)≤m are open). Its level sets Z(X)=m thus form a stratification of Z(X) by
locally closed analytic subsets. Now let χ̃ : Z(X)→ Z denote the ‘Euler characteristic of the
normalization’ function sending z =

∑
imiCi to

∑
i χ(C̃i), which is analytically constructible

since the universal family U(X) ⊆ X ×Z(X) is proper over Z(X).

Lemma 6.2 (Semi-chart stratification). The function χ̃ : Z(X) → Z is upper semi-
continuous on every multiplicity stratum Z(X)=m (meaning sub-level sets Z(X)=m,χ̃≤a are
open). The semi-chart associated to any point of Z(X) is an open embedding into the locally
closed stratum Z(X)=m,χ̃=a containing it.

Proof. The stratum Z(X)=m is, near a point z =
∑

imiCi, the set of cycles
∑

imiC
′
i for C ′i

close to Ci. The germ (Z(X)m, z) is thus equivalent to a product of germs (Z(X), Ci). The
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function χ̃ on (Z(X)m, z) is the sum of functions χ̃ on each of the factors (Z(X), Ci). The
semi-chart of z (which stays within Z(X)m) is also the product of the semi-charts of each
Ci. It thus suffices to prove the result for each of these factors (Z(X), Ci) individually.

So, let us consider the behavior of χ̃ in a neighborhood of a 1-cycle consisting of a
single (irreducible) curve C (taken with multiplicity one). A nearby curve C ′ is, locally
near smooth points of C, simply a nearby smooth curve, hence may be (non-canonically)
identified with C (as smooth manifolds) with nearby complex structure. Near a singular
point of C (necessarily isolated), choose a ball B around it so that C̃ ∩B is a disjoint union
of disks. Now a disjoint union of disks is the unique filling of a disjoint union of circles of
maximal Euler characteristic, so we see that χ(C̃ ′) ≤ χ(C̃), with equality iff C̃ ′ ∩B is also a
disjoint union of disks, in which case we see that C̃ ′ → X is a small perturbation of C̃ → X.
Thus we have shown that χ̃ is upper semi-continuous and that the semi-chart at C is an
open embedding into the level set χ̃−1(χ̃(C)).

The above discussion applies without change in the relative setting of Z(X/B).

6.2 Vanishing in negative virtual dimension

The virtue of interior semi-regularity in combination with semi-Fano is that it implies that
the space of 1-cycles is bounded above by its virtual dimension:

Lemma 6.3. We have dimz Zsr◦
sF (X/B) ≤ dimB + 2k for any point z of chern number k,

for any real analytic manifold B.

Proof. In view of the semi-chart stratification (Lemma 6.2, which remains valid over B),
it suffices to bound the dimension of the semi-chart at every point z ∈ Z(X/B)sr◦

sF . When
z =

∑
imiCi is semi-regular, its semi-chart has dimension dimB + 2

∑
i ki where ki =

〈c1(TX/B), Ci〉. When z is semi-Fano (that is ki ≥ 0 for all i), this is bounded above by
dimB + 2

∑
imiki = dimB + 2k for k = 〈c1(TX/B), z〉.

This result immediately implies vanishing in negative virtual dimension:

Proposition 6.4. The group H∗c (Zsr◦
sF /Cpx3) is supported in virtual dimension ≥ 0. The

same holds for any locally closed Zα ⊆ ZsF in place of ZsF (compatible with pullback and
local in the sense of Definition 3.13).

Proof. It suffices to prove that H∗c (Zsr◦
sF (X/B)/B) is supported in virtual dimension ≤ 0 for

every family of complex threefolds X → B over a finite simplicial complex B. This group
is a finite iterated extension of the groups H∗+dimσ

c (Zsr◦
sF (X×Bσ/σ)) for simplices σ ⊆ B.

Now each of these groups H∗+dimσ
c (Zsr◦

sF (X×Bσ/σ)) is supported in cohomological degree i
at most twice the chern number 2k by Lemma 6.3, which gives virtual dimension 2k− i ≥ 0.

The same applies to Zα ⊆ ZsF (the dimension bound on ZsF evidently passes to any
subset Zα ⊆ ZsF).
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6.3 Geometric local curve elements

It is natural to continue the reasoning in Proposition 6.4 and try to understand the classes
in virtual dimension zero. They will correspond to the Poincaré duals of smooth points in
the space of semi-Fano and interior semi-regular 1-cycles where the dimension upper bound
in Lemma 6.3 is an equality.

Definition 6.5 (Topological type). The topological type of a 1-cycle z =
∑

imiCi ∈ Z(X)
is the multi-set of tuples (gi,mi, ki) consisting of the genus gi of C̃i, the multiplicity mi ≥ 1,
and the chern number ki = 〈c1(TX/B), Ci〉; this is constant over any semi-chart.

Definition 6.6 (Geometric local curve element). Let X → σ be a family of threefolds over
a simplex. Let z =

∑
imiCi ∈ ZsF(X/σ) be a 1-cycle lying over the interior σ◦ for which⊔

iCi ⊆ X is smooth and unobstructed (including variations in the base) and whose semi-
chart is an open embedding into ZsF(X/σ). The Poincaré dual of the point z in this semi-
chart thus defines an element ofH∗c (Zsr◦

sF /Cpx3). This element has cohomological degree
∑

i ki
and chern number

∑
imiki, hence has virtual dimension

∑
i(mi − 1)ki. When this virtual

dimension is zero (that is, when (mi−1)ki = 0 for all i), we call this Poincaré dual a geometric
local curve element (there is a sign ambiguity since we have not discussed orientations, but
we will not worry about it). Note that the topological type of a geometric local curve element
is, by definition, semi-Fano (ki ≥ 0 for all i) and non-deficient ((mi − 1)ki = 0 for all i).

More generally, the same definition applies to any locally closed Zα ⊆ ZsF as in Definition
3.13 which is ‘closed under semi-charts’ (the semi-chart of any z ∈ Zα is contained in Zα).

A product of geometric local curve elements is evidently again a geometric local curve
element.

Lemma 6.7. Geometric local curve elements exist in all (semi-Fano, non-deficient) topo-
logical types.

Proof. It suffices to deal with connected topological types (g,m, k), since we can then get
all topological types by taking products.

Begin with a local curve E → C where H1(C,E) = 0 (for example, we can take E to be
the direct sum of generic line bundles of degree g− 1 and g− 1 + k). If m = 1, then we note
that Z(E,m) = Z(E, 1) = H0(C,E) is unobstructed, hence interior semi-regular, and the
Poincaré dual of any point is the desired geometric local curve element.

Ifm > 1 (so k = 0), then Z(E,m)=(m) = H0(C,E) remains unobstructed, but Z(E,m)≤(m)

may be more complicated and perhaps not semi-regular. So, we will use generic transversal-
ity to find a suitable transverse perturbation of it. Let D ⊆ E be the fiber over some point of
C. According to Proposition 5.8, there exists a D-deformation Eϕ of a neighborhood of the
zero section C ⊆ E which is D-regular (all D-controlled simple maps are regular, hence all
D-controlled 1-cycles are semi-regular, hence interior semi-regular since being D-controlled
is an open condition). Now the family of sections Z(E, 1) = H0(C,E) is cut out transver-
sally, hence for sufficiently small deformations ϕ, there exists a smooth unobstructed curve
C ′ ⊆ Eϕ nearby the zero section C ⊆ E. Now the cycle mC ′ ∈ Zsr◦(Eϕ,m) is smooth
and semi-regular. Its semi-chart is an open embedding over a dense open set for dimension
reasons (since k = 0, Lemma 6.3 says that the dimension of Zsr◦(Eϕ,m) does not exceed the
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dimension of this semi-chart), so we can take the Poincaré dual of a generic point of it to
obtain the desired geometric local curve element.

The basic point of this argument, in the harder case m > 1, was just to show that there
exists some threefold X containing an interior semi-regular smooth cycle mC ′ of chern
number zero (and any given genus). We used the soft but inexplicit Proposition 5.8 to
produce an example of such. It is certainly conceivable one could come up with an explicit
construction (though we do not know how).

Remark 6.8. Geometric local curve elements in H∗c (Zsr◦
sF /Cpx3) do not depend only on their

topological type. The variation of the geometric local curve elements in a given topological
type is studied in Ionel–Parker [19, Section 7] and Bai–Swaminathan [2]. These references
suggest that one might be able to define a canonical (though not unique) geometric local
curve element of a given (semi-Fano, non-deficient) topological type by considering a super-
rigid complex structure (if such were to exist, compare Wendl [49]). We will satisfy ourselves
with proving the basic ‘invariance modulo lower multiplicity’ result in Proposition 6.10 below.

Now let us strengthen Proposition 6.4 in the evident way:

Proposition 6.9. The group H∗c (Zsr◦
sF /Cpx3) is supported in virtual dimension ≥ 0, and in

virtual dimension zero it is generated by geometric local curve elements. The same holds for
any locally closed Zα ⊆ ZsF as in Definition 6.6 in place of ZsF.

Proof. It suffices to prove the assertion for H∗c (Zsr◦
sF (X/B)/B) for every family of complex

threefolds X → B over a finite simplicial complex B. This group is a finite iterated extension
of the groups H∗+dimσ

c (Zsr◦
sF (X×Bσ/σ)) for simplices σ ⊆ B, so it suffices to show the result

for these. Now each of these groups H∗+dimσ
c (Zsr◦

sF (X×Bσ/σ)) is supported in cohomological
degree i at most twice the chern number 2k by Lemma 6.3, which gives virtual dimension
2k − i ≥ 0. Virtual dimension zero classes are thus generated by Poincaré duals of smooth
points of Zsr◦

sF (X×Bσ/σ) where the dimension bound in Lemma 6.3 is an equality. According
to the semi-chart stratification (Lemma 6.2), it is enough to consider Poincaré duals of
smooth points whose semi-chart is an open embedding. By the definition of regularity
(Definition 5.1), such a semi-chart contains smooth curves. The Poincaré dual of such a
point is now a geometric local curve element.

The same reasoning applies to Zα ⊆ ZsF as in Definition 6.6 (note that such Zα is, by
hypothesis, a union of semi-chart strata).

6.4 Multiplicity filtration

The defect of Proposition 6.9 is that the generating set it produces (geometric local curve
elements) is quite redundant. We now use the multiplicity filtration to argue that we actually
only need one geometric local curve element of every topological type. The basic point is that
geometric local curve elements depend only on their topological type, when viewed modulo
‘lower multiplicity’ 1-cycles (compare Remark 6.8). Recall the multiplicity filtration from
Definition 2.1.

Proposition 6.10. Geometric local curve elements in H∗c ((ZsF,=m)sr◦/Cpx3) depend only on
their topological type.
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Before embarking on the proof, we emphasize the key difference between ZsF,=m and
ZsF,≤m. For any smooth cycle z =

∑
imiCi ∈ ZsF,=m (meaning

⊔
iCi ⊆ X is smooth), the

semi-chart of z is an open embedding into ZsF,=m. That is, nearby points z′ ∈ ZsF,=m all
have the form

∑
imiC

′
i for smooth curves C ′i near Ci. In particular, if z is semi-regular then

it is interior semi-regular. By contrast, the space ZsF,≤m could a priori contain cycles close
to z where each Ci splits apart in quite a complicated fashion. This is the essential difference
between ZsF,=m and ZsF,≤m which is responsible for the geometric local curve elements being
unique (in their topological type) in H∗c ((ZsF,=m)sr◦/Cpx3) but not in H∗c ((ZsF,≤m)sr◦/Cpx3).

Proof. The proof has a few different steps, but all are quite ‘soft’.
Given a family X → B over a real analytic manifold B and a smooth cycle z =∑
imiCi ∈ Z(X/B) which is semi-regular, we may produce a geometric local curve ele-

ment in H∗c ((ZsF,=m)sr◦/Cpx3) by choosing a simplex σ → B (of the same dimension) whose
interior contains the fiber containing z (evidently every geometric curve element is of this
form). The resulting geometric local curve element is independent of σ by a concordance
argument. Moving z within the class of semi-regular smooth cycles also leaves this geometric
local curve element invariant.

Now there is another operation we may consider: cutting down the family X → B to
a submanifold B′ ⊆ B containing the fiber containing z, such that z remains semi-regular
over B′. To see that this also leaves the associated geometric local curve element invariant,
consider a simplex σ′ → B′ (with the fiber containing z in its interior) and extend it to a
simplex σ → B where σ′ ⊆ σ is a face (arbitrary codimension). Now Z(X/B)sF,=m is, near
z, a smooth manifold mapping to B transversely to B′. It follows that the pushforward of
the Poincaré dual of z ∈ Z(X ′/B′)sF,=m in H∗c (Zsr◦

sF,=m(X ×B σ′/σ′)) is the Poincaré dual of
a nearby point over σ◦ in H∗c (Zsr◦

sF,=m(X ×B σ/σ)).
Now let us show that the geometric local curve element (constructed as above) actually

depends on just z and the single fiber X0 containing it (that is, the family into which we
include X0 to make z semi-regular does not matter). First, note that for every (X0, z),
there is some family into which X0 can be included to make z semi-regular (choose a divisor
controlling z and apply Lemma 5.6). Now suppose X1 → B1 and X2 → B2 are two
families into which X0 includes (as the fibers over basepoints 0 ∈ B1 and 0 ∈ B2) and in
which z is semi-regular. We might consider trying to relate them by constructing a family
X12 → B1 ×B2 whose restrictions to B1 × 0 and 0×B2 are the families X1 and X2 (which
would imply, using the result of the previous paragraph, that the geometric local curve
elements resulting from X1 → B1 and X2 → B2 are the same). Instead of doing this, we
will construct a third family X3 → B3 which is related to each of the two families X1 → B1

and X2 → B2 in this way. To construct X3 → B3, we apply again Lemma 5.6 to X0, with
respect to some divisor D0 ⊆ X0 controlling C. But now we observe that D0 extends (just
by extension of local holomorphic functions) to relative divisors D1 ⊆ X1 and D2 ⊆ X2,
which may be used to extend the deformation of X given by X3 → B3 to deformations
X13 → B1 ×B3 and X23 → B2 ×B3. This gives the desired relation between the geometric
local curve elements associated to X1 → B1 and X2 → B2.

We have now associated a geometric local curve element in H∗c ((ZsF,=m)sr◦/Cpx3) to every
smooth cycle z =

∑
imiCi inside a threefold X0 (and we have shown that every geometric

local curve element arises in this way). Finally, observe that as we deform (X0, z), the
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associated geometric local curve element is unchanged (since we can apply Lemma 5.6 to
thicken a family as in the previous paragraph). This is enough, since a pair consisting of
a smooth cycle z =

∑
imiCi inside a threefold X0, regarded as a germ around the smooth

curve
⊔
iCi ⊆ X0, is classified up to deformation by its topological type (deform to the

normal cone and apply Remark 4.1).

Lemma 6.11. Geometric local curve elements in H∗c ((ZsF,=m)sr◦/Cpx3) (one for each topo-
logical type) are linearly independent.

Proof. We do not use this result logically, so we just sketch the argument.
Form the ‘interior smooth semi-regular Grothendieck group’ H∗c ((Zα)srsm◦/Cpx3) follow-

ing Definition 5.13 but using instead the interior of the locus of 1-cycles which are both
semi-regular and have smooth support (meaning for z =

∑
imiCi that

⊔
iCi ⊆ X is a

smooth curve). Now we claim that the map H∗c ((Zα)srsm◦/Cpx3) → H∗c ((Zα)sr◦/Cpx3) (for
Zα ⊆ ZsF locally closed) is bijective in virtual dimension ≤ 0 and surjective in virtual dimen-
sion 1. The reason is that it fits into a long exact sequence whose third term is an iterated
extension of H∗+dimσ((Zsr◦

α \Zsrsm◦
α )(X/σ)), and this group is supported in virtual dimension

≥ 2 by a dimension count similar to Lemma 6.3, since non-smoothness is a real codimension
≥ 2 phenomenon given regularity.

It therefore suffices to show the result for H∗c ((ZsF,=m)srsm◦/Cpx3). But now this group is
graded by topological type, since the space of interior smooth cycles of fixed multiplicity is
a disjoint union of open pieces corresponding to topological types. It is therefore enough to
show that each geometric local curve element is nonzero, and this follows from a discussion
of orientability of the space of interior smooth semi-regular cycles (of fixed multiplicity).

Theorem 6.12. The group H∗c (ZsF/Cpx3) is supported in virtual dimension ≥ 0, and in vir-
tual dimension zero it is generated by (the images of) any set of elements of H∗c (ZsF,≤m/Cpx3)
(various m ∈ M) which project to all geometric local curve elements in H∗c (ZsF,=m/Cpx3)
(one of each topological type; compare Proposition 6.10).

Proof. In fact, we show the same statement for H∗c (ZsF,S/Cpx3), for any downward closed
subset S ⊆ M. That is, we show this group is supported in virtual dimension ≥ 0 and
in virtual dimension zero is generated by any set of elements of H∗c (ZsF,≤m/Cpx3) (various
m ∈ S) which project to all geometric local curve elements in H∗c (ZsF,=m/Cpx3) (one of each
topological type).

By a directed colimit argument, it suffices to treat the case that S is finite. Choose a
maximal element m ∈ S, and suppose the result is true for S \ {m} (by induction on |S|).
In view of the long exact sequence (a special case of (3.14))

· · · → H∗c (ZsF,S\{m}/Cpx3)→ H∗c (ZsF,S/Cpx3)→ H∗c (ZsF,=m/Cpx3)→ · · · (6.1)

it suffices to know that H∗c (ZsF,=m/Cpx3) is supported in virtual dimension ≥ 0 and in
virtual dimension zero is generated by geometric local curve elements. This follows from
Proposition 6.9 applied to H∗c ((ZsF,=m)sr◦/Cpx3) and Theorem 5.15 applied to the map
H∗c ((ZsF,=m)sr◦/Cpx3)→ H∗c (ZsF,=m/Cpx3) (which says it is an isomorphism).

Theorem 6.13. The group H∗c (ZsF/Cpx3) is supported in virtual dimension ≥ 0, and in
virtual dimension zero it is:
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• generated as a Q-algebra by the equivariant local curve elements xg,m,k with g ≥ 0,
m ≥ 1, k ≥ 0, and (m− 1)k = 0, after passing to Q coefficients.

• generated as a Z-algebra by any choice of geometric local curve elements yg,m,k with
g ≥ 0, m ≥ 1, k ≥ 0, and (m− 1)k = 0.

Proof. According to Theorem 6.12, we just need to show our claimed generators reduce to all
geometric local curve elements in H∗c (ZsF,=m/Cpx3). The reduction of a geometric local curve
element in H∗c (ZsF,≤(m)/Cpx3) is a geometric local curve element in H∗c (ZsF,=(m)/Cpx3) by
definition. Lemma 4.14 tells us that the equivariant local curve element xg,m,k ∈ H∗c (ZsF,≤(m)/Cpx3)
reduces to a geometric local curve element in H∗c (ZsF,=(m)/Cpx3). Now reduction is compat-
ible with products, so we get the geometric local curve elements of disconnected topological
types as well.

Remark 6.14. Theorem 6.13 is very close to Theorem 1.2: it remains only to prove that there
are no relations among the local curve elements (geometric or equivariant, it is the same) of
non-deficient ((mi − 1)ki = 0) semi-Fano (ki ≥ 0) topological type. It seems possible one
could show this by continuing the present line of reasoning. It would suffice to prove Lemma
6.11 (whose proof we only sketched) and to prove that the connecting map

H∗c (ZsF,=m/Cpx3)
+1−→ H∗c ((ZsF,<m/Cpx3) (6.2)

vanishes in virtual dimension 1 mapping to virtual dimension 0. According to the proof of
Lemma 6.11, elements of virtual dimension 1 in H∗c (ZsF,=m/Cpx3) can be described by loops
zt of smooth semi-regular cycles of multiplicity m. The connecting map counts how many
multiplicity < m cycles fly off this family zt as t varies around the circle. It seems plausible
that the present setting is sufficiently complex analytic to imply that cycles of multiplicity
< m approaching a cycle of multiplicity m is a real codimension two phenomenon, hence is
avoided in a generic path/loop. We will not attempt to make this reasoning precise here.

7 Bi-algebra structure and constraints

We now show that the ring homomorphism Z[xg,m,k]→ H∗c (ZsF/Cpx3;Q) is injective (The-
orem 7.6). To do this, we use the bi-algebra structure and division operations to produce
an element of the kernel (if said kernel is nonzero) of a certain controlled form, which we
can then show is detected by some Gromov–Witten invariant hence must be nonzero in
H∗c (ZsF/Cpx3;Q). The arguments involved in the first step are somewhat reminiscent of the
Milnor–Moore Theorem [36] (of which many generalizations already exist in the literature).

Consider the free polynomial ring R = Z[xg,m,k] on formal variables xg,m,k indexed by
integers g ≥ 0, m ≥ 0, and k ≥ 0, satisfying (m − 1)k = 0, modulo the relation that
xg,0,k = 1. Equip R with the co-unit and co-multiplication maps given by

η : R→ Z ∆ : R→ R⊗R (7.1)

xg,m,k 7→ 0 for m > 0 xg,m,k 7→
∑

a+b=m
a,b≥0

xg,a,k ⊗ xg,b,k (7.2)
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on generators and extended to be algebra maps. This makes R into a commutative and
co-commutative bi-algebra. Let ρ1 : R→ R be the identity, and let ρd : R→ R for d > 1 be
given on generators by

ρd(xg,m,k) =

{
xg,m/d,k m divisible by d and k = 0,

0 otherwise.
(7.3)

and extended multiplicatively. This ρd is a map of bi-algebras (commutes with ∆ and η) by
inspection.

The weight of a monomial in the variables xg,m,k is a function w : Z≥0 × Z≥0 → Z≥0

defined by w(ab) = w(a) +w(b) and w(xg,m,k) = m · 1g,k. Given an arbitrary element a ∈ R,
we denote by aw its weight w part. A tensor product of monomials a ⊗ b has a bi-weight
(w(a), w(b)) and a total weight w(a) + w(b). The coproduct ∆ preserves (total) weight.

Lemma 7.1 (Weight splitting). Let A ⊆ R be a subgroup with the property that ∆(A) ⊆
(A⊗R) + (R⊗A). Let w be any nonzero weight. If A has an element with nonzero weight
w part, then A has an element with nonzero weight m · 1g,k part for some (g, k) ∈ suppw.

Proof. The idea is to use ∆ to ‘split’ the weight w until its support becomes a singleton.
We have ∆(a)w = ∆(aw). If the support of w is not a singleton, then write w = w1 + w2

for nonzero w1 and w2 of disjoint support. Since the supports of w1 and w2 are disjoint, the
result of applying ∆ to a monomial of weight w will have a unique monomial of bi-weight
(w1, w2). In particular, aw 6= 0 implies that ∆(a)w1,w2 6= 0. Since ∆(a) ∈ (A⊗R) + (R⊗A),
we conclude that A must have an element with nonzero weight w1 part or weight w2 part.
Now we replace w with whichever of w1 or w2 it is and repeat until the support of w is a
singleton.

Lemma 7.2 (Weight purifying). Let A ⊆ R be a subgroup with the property that ∆(A) ⊆
(A ⊗ R) + (R ⊗ A). If A has an element with nonzero weight m · 1g,k part, then A has an
element containing the single variable monomial xg,m′,k for some m′ ≤ m.

Proof. The argument is similar to ‘weight splitting’ Lemma 7.1. Let w = m · 1g,k. Let a ∈ A
have nonzero weight w part. Among the weight w monomials appearing in a, consider the
factor xg,m′,k with m′ the largest possible. Now consider the monomials in ∆(a)w of the
form xg,m′,k ⊗ −. How can a given monomial in aw contribute such a monomial to ∆(a)w?
The factors xg,m′′,k with m′′ < m′ must go completely on the right. Of the factors of xg,m′,k,
exactly one must go completely on the left, and the rest must go completely on the right.
Thus the monomials in ∆(a)w of the form xg,m′,k⊗− are in bijection with the monomials in
aw with at least one xg,m′,k factor, and the effect of ∆ is to multiply their coefficient by the
number of such factors. In particular, ∆(a)w contains monomials of the form xg,m′,k ⊗ −.
Appealing to ∆(a) ∈ (A⊗R) + (R⊗A), we have ‘split’ w unless m′ = m, in which case we
have proven the desired result.

Lemma 7.3 (Weight dividing). Let A ⊆ R be a subgroup with the property that ρd(A) ⊆ A.
If A has an element containing the single variable monomial xg,m,0, then A has an element
containing the single variable monomial xg,1,0 and no single variable monomials xg,m′,0 for
m′ > 1.
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Proof. Take an element of A containing single variable monomials xg,m,0 for various m, and
apply ρd to it where d is the maximum m among them.

Order the pairs (g, k) ∈ Z≥0 ×Z≥0 lexicographically, namely (g, k) < (g′, k′) when either
g < g′ or g = g′ and k < k′. This is evidently a well-ordering.

Proposition 7.4. Let A ⊆ R be a subgroup with the property that ∆(A) ⊆ (A⊗R)+(R⊗A)
and ρd(A) ⊆ A. If A 6= 0, then there exists an element of A containing the single variable
monomial xg,1,k and no single variable monomials xg,m,k with m > 1 or xg′,m′,k′ with (g′, k′) <
(g, k).

Proof. Consider the set of all weights of all monomials appearing in elements of A. Each
such weight has a maximum pair (g, k) in its support. Fix (g, k) to be the minimum such
pair. Let a ∈ A have a monomial whose weight has (g, k) as the maximum element in its
support. By Lemma 7.1, there exists a ∈ A with a monomial of weight m · 1g,k. By Lemma
7.2, there exists a ∈ A with a single variable monomial xg,m,k (possibly different m). By
Lemma 7.3, there exists a ∈ A with a single variable monomial xg,1,k and no single variable
monomials xg,m,k with m > 1. Finally, a has no single variable monomials xg′,m′,k′ with
(g′, k′) < (g, k) by choice of (g, k).

Theorem 7.5. Let f : R → R′ be any morphism of bi-algebras compatible with bi-algebra
endomorphisms ρd (any such on R′). Suppose that for every g ≥ 0 and k ≥ 0, there exists
a group homomorphism ϕg,k : R′ → Q sending f(xg,1,k) to 1, sending f(xg′,m′,k′) to 0 for
(g′, k′) > (g, k), and sending f of any monomial of degree > 1 to zero. In this case the map
f is injective.

Proof. We have ∆(ker f) ⊆ ker(f⊗f) since f is compatible with co-multiplication ∆, and we
have ρd(ker f) ⊆ ker f since f is compatible with ρd. Now ker(f⊗f) = (ker f)⊗R+R⊗(ker f)
if we base change to Q (note that R is torsion free, so it suffices to show injectivity after
rationalizing). We may thus apply Proposition 7.4 (which works just as well over Q as over Z)
to conclude that if ker f 6= 0, then it has an element containing the single variable monomial
xg,1,k and no single variable monomials xg,m,k with m > 1 or xg′,m′,k′ with (g′, k′) < (g, k).
Such an element is evidently sent to something nonzero by ϕg,k ◦ f , contradicting the fact
that it lies in ker f . We thus have ker f = 0.

Theorem 7.6. The ring homomorphism R → H∗c (ZsF/Cpx3;Q) which sends the formal
variable xg,m,k ∈ R to the equivariant local curve element xg,m,k ∈ H∗c (ZsF/Cpx3;Q) is a
bi-algebra morphism compatible with ρd and is injective.

Proof. This ring homomorphism is a bi-algebra homomorphism by Lemma 4.13 and the fact
that H∗c (ZsF/Cpx3) vanishes in negative virtual dimension (note the virtual dimension of
xg,m,k,` is −2`) by Theorem 5.15 and Proposition 6.4. It is also with the operations ρd on
both sides by Lemma 4.12 and again the fact that H∗c (ZsF/Cpx3) vanishes in negative virtual
dimension (we have ρd(xg,m,k) = xg,m/d,k,(1−1/d)mk, whose virtual dimension is negative except
when d = 1 or mk = 0).

Now to show injectivity, we apply Theorem 7.5, according to which it suffices to define,
for every g, k ≥ 0, a group homomorphism H∗c (ZsF/Cpx3) → Q sending xg,1,k to 1, sending
xg′,m′,k′ to 0 for (g′, k′) > (g, k), and sending any monomial in equivariant local curve elements
of degree > 1 to zero. Such a homomorphism is provided by Lemma 7.7 below.
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Lemma 7.7. Let g, k ≥ 0. There exists a group homomorphism GWg,k : H∗c (Z/Cpx3)→ Q
such that GWg,k(xg,1,k) = 1, GWg,k(xg′,m′,k′) = 0 for (g′, k′) > (g, k), and GWg,k evaluates
to zero on any monomial in equivariant local curve elements of degree > 1.

Proof. Let GWg,k integrate over the virtual fundamental class of the moduli space (M′
g)c1=k

of non-constant stable maps from connected nodal curves of arithmetic genus g representing
a homology class with chern number k. Since the image of a connected space is connected,
GWg,k annihilates monomials in equivariant local curve elements of degree > 1.

We have GWg,k(xg′,m′,k′) = 0 if g′ > g, since there are no non-constant maps from a nodal
curve of arithmetic genus g to a curve of genus g′ > g. In the case g = g′, the map would
have to have degree d = k/k′ < 1, hence cannot exist.

Finally, let us calculate GWg,k(xg,1,k) = 1. According to Lemma 4.14, the local curve ele-
ment xg,1,k is the Poincaré dual of a point in the transversely cut out moduli space H0(C,E)
of sections of a local curve E → C with H1(C,E) = 0. It thus pairs against the fundamental
class (which is the virtual fundamental class) of H0(C,E) to give 1.

A Virtual fundamental classes

We give a brief exposition of the theory of the intrinsic normal cone, perfect obstruction
theories, and virtual fundamental classes as pioneered by Behrend–Fantechi [4]. Naturally,
we give particular emphasis to the properties of this theory which we need for this paper
(our need is, in fact, confined to Section 3.4). References include Behrend–Fantechi [4],
Manolache [29], Qu [42], Khan [21, 22], Déglise–Jin–Khan [11], and Porta–Yu [41].

A morphism of complex analytic spaces is called a closed embedding when it is the in-
clusion of a closed analytic subspace, i.e. what is usually called a ‘closed immersion’ (a term
which we will avoid since it conflicts with the meaning of the term ‘immersion’ in differen-
tial topoogy). If X → Y is a closed embedding, then BlXY = ProjY

⊕
r≥0 I

r
X denotes the

blow-up of Y along X. For any cartesian diagram of complex analytic spaces

X ′ X

Y ′ Y

(A.1)

in which the vertical arrows are closed embeddings, there is a (functorial) closed embedding of
blow-ups BlX′Y

′ → BlXY ×Y Y ′, corresponding to the surjection of graded rings
⊕

r≥0 I
r
X⊗OY

OY ′ �
⊕

r≥0 I
r
X′ .

A complex analytic stack shall mean a stack (i.e. sheaf of groupoids) on the site of
complex analytic spaces which admits a submersive atlas (hence has representable diagonal).
A morphism of complex analytic stacks is called Deligne–Mumford when its diagonal is
unramified (a morphism of complex analytic spaces is called unramified when it is, locally
on the source, a closed embedding). The diagonal of any morphism of complex analytic
spaces is a locally closed embedding, hence every morphism of complex analytic spaces is
Deligne–Mumford.
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Definition A.1 (Deformation to the normal cone). Given X ↪→ Y a closed embedding of
complex analytic spaces, one associates the following spaces [14, Chapter 5].

MX/Y = BlX×0(Y × A1) (A.2)

M◦
X/Y = MX/Y \ BlX×0(Y × 0) (A.3)

CX/Y = M◦
X/Y ×A1 0 (A.4)

Note that BlX×0(Y × 0) → BlX×0(Y × A1) is a closed embedding; explicitly M◦
X/Y =

SpecY OY [t, IXt
−1]. The object CX/Y is called the normal cone of X ↪→ Y , and the space

M◦
X/Y is called the deformation to the normal cone (it maps to A1 with fiber Y over A1 − 0

and fiber CX/Y over 0). Given X → Y a Deligne–Mumford morphism of complex analytic
stacks, the above objects are defined by descent [4, 25, 24, 23][29, §2.2][42, §1.1].

Remark A.2. The normal cone CX/Y is an algebro-geometric analogue of the relative Spanier–
Whitehead dual of X over Y .

Lemma A.3 ([29, Theorem 2.31][42, Proposition 1.2]). For any cartesian square

X ′ X

Y ′ Y

(A.5)

whose vertical arrows are Deligne–Mumford, there is an induced closed embedding M◦
X′/Y ′ →

M◦
X/Y ×Y Y ′ over A1, hence also a closed embedding CX′/Y ′ → CX/Y ×Y Y ′.

Proof. For a closed embeddingsX ↪→ Y , this corresponds to the surjection of ringsOY [t, IXt
−1]⊗OY

OY ′ � OY ′ [t, IX′t−1]. Now apply descent.

Lemma A.4. For maps X → Y and X ′ → Y ′, there is a canonical isomorphism

M◦
X×X′/Y×Y ′

∼−→M◦
X/Y ×A1 M◦

X′/Y ′ (A.6)

which, in particular, specializes over 0 to an isomorphism CX×X′/Y×Y ′
∼−→ CX/Y × CX′/Y ′.

Proof. For closed embeddings X ↪→ Y and X ′ ↪→ Y ′, this map corresponds to the map of
graded rings

OY×Y ′ [t, IXOY ′t−1, t′,OY IX′(t′)−1]/(t− t′)→ OY×Y ′ [t, (IXOY ′ +OY IX′)t−1], (A.7)

which is an isomorphism by inspection (to see this, it is helpful to choose vector space
splitings of the inclusions Ir ⊇ Ir+1). Now apply descent.

Recall the derived category D(X) of (unbounded) complexes of sheaves of Z- or Q-
modules on a complex analytic stack X (references include [26]). At the level of ∞- or dg-
categories, the category D(X) associated to a stack X is the limit of D(U) over all complex
analytic spaces U with a map to X (equivalently, all those with a submersive map to X).
For a map of complex analytic stacks f : X → Y , we have pairs of adjoint functors (f ∗, f∗)
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and (f!, f
!) (always derived) between D(X) and D(Y ). Note that we need the exceptional

pushforward/pullback operations for non-separated morphisms. These satisfy proper base
change, in the sense that for a cartesian square

X ′ X

Y ′ Y

f ′

β

f

α

(A.8)

there is a canonical isomorphism f ′!β
∗ = α∗f! (equivalently β∗f

′! = f !α∗). There is also a
canonical natural transformation f! → f∗, which is an isomorphism for proper representable
morphisms f . More generally, it is an isomorphism for proper Deligne–Mumford morphisms
f provided we are using Q-coefficients (to see the need for Q-coefficients, note that for
f : ∗/G→ ∗ with G finite, the natural transformation f! → f∗ is the natural map VG → V G

from co-invariants to invariants given by ‘sum over G-orbits’ for G-representations V ).
Recall the bivariant group Hrel∞

∗ (X/Y ) = H∗(X, π!ZY ) = a∗π∗π
!a∗Z associated to a

morphism π : X → Y (where a : Y → ∗) in Definition 2.2. Whereas Definition 2.2 was
about ‘nice’ maps of topological spaces, we consider here the same definition but for (possibly
non-separated) morphisms of complex analytic stacks.

Definition A.5. Fix a map f : X → Y and a map π : D → Y ×A1 which is an isomorphism
over Y × (A1 − 0) and whose fiber over Y × 0 is identified (over Y ) with X. Associated
to this data is a canonical specialization element in Hrel∞

0 (X/Y ) defined as follows (note
that this definition is somewhat different from its analogue in the context of algebraic cycles
[29, 42, 21]). In fact, there is an associated natural transformation of functors 1→ f∗f

!. Let
(A1 − 0)∼ denote the universal cover, and consider the following diagram.

X D Y × (A1 − 0)∼

Y Y × A1 Y × (A1 − 0)∼

i

f π

j

i j

(A.9)

There is an induced diagram of derived categories, which commutes by proper base change.

D(X) D(D) D(Y × (A1 − 0)∼)

D(Y ) D(Y × A1) D(Y × (A1 − 0)∼)

i∗

f ! π!

j∗

i∗ j∗

(A.10)

Now we combine this on the bottom with the natural transformation j∗p
∗ → i∗ where

p : Y × (A1 − 0)∼ → Y , and we post-compose with the pushforward D(D) → D(Y ). This
produces the desired a natural transformation 1→ f∗f

! by contractibility of (A1 − 0)∼.

Definition A.6. The specialization element in Hrel∞
0 (CX/Y /Y ) refers to that associated to

the family M◦
X/Y → Y × A1 by Definition A.5.
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Remark A.7. Continuing Remark A.2, the specialization element in Hrel∞
∗ (CX/Y /Y ) is anal-

ogous to the Spanier–Whitehead dual (relative Y ) of the map X → Y .

Lemma A.8. For a cartesian square

X ′ X

Y ′ Y

(A.11)

whose vertical arrows are Deligne–Mumford, the specialization elements in Hrel∞
∗ (CX/Y /Y )

and Hrel∞
∗ (CX′/Y ′/Y

′) have the same image in Hrel∞
∗ (CX/Y ×Y Y ′/Y ′).

Proof. Diagram chase and compatibility of the proper base change isomorphism with com-
position of pullback squares.

Lemma A.9. For maps X → Y and X ′ → Y ′, the specialization element of Hrel∞
∗ (CX×X′/Y×Y ′/Y×Y ′) =

Hrel∞
∗ (CX/Y ×CX′/Y ′/Y×Y ′) is the image of the tensor product of the specialization elements

of Hrel∞
∗ (CX/Y /X) and Hrel∞

∗ (CX′/Y ′/Y
′) under the Künneth map.

Now we recall the notion of a perfect obstruction theory from Behrend–Fantechi [4], which
allows to transfer the specialization element in Hrel∞

0 (CX/Y /Y ) to a class in Hrel∞
d (X/Y )

when the ‘virtual relative tangent bundle’ T vir
X/Y has rank d.

Definition A.10. Given a two-term complex of vector bundles (aka perfect complex of
amplitude [−1 0]) E• = [E−1 → E0] over a complex analytic stack X (by which we mean an
object in the sheafified 2-category of such), we may form the ‘total space’ E• given locally
in the case X is a space by the groupoid E−1 ×X E0 →→ E0 [4, §2].

Definition A.11. A perfect obstruction theory on a Deligne–Mumford morphism X → Y
is an amplitude [0 1] perfect complex T vir

X/Y on X together with a closed embedding CX/Y →
T vir
X/Y [1] (i.e. into the ‘total space’ of T vir

X/Y [1]).

Remark A.12. Definition A.11 is non-standard and is made only for the sake of simplicity in
the present discussion. A perfect obstruction theory (in the standard meaning as introduced
by Behrend–Fantechi [4]) on a Deligne–Mumford morphism X → Y is an amplitude [0 1]
perfect complex T vir

X/Y on X together with a linear map TX/Y [1] → T vir
X/Y [1] which is a

closed embedding on total spaces, where TX/Y [1] denotes the ‘total space of the dual of
(τ≥−1LX/Y )[−1]’. There is a canonical closed embedding CX/Y → TX/Y [1] (see [4, 29]), so a
perfect obstruction theory in the sense of [4] induces one in the sense of Definition A.11.

Given (the total space of) a two-term complex π : E• → X, the functor π∗π
! is shift

by dimE• = dimE0 − dimE−1. In particular, for a morphism X → Y this identifies
Hrel∞
∗+dimE•(E

•/Y ) with Hrel∞
∗ (X/Y ).

Definition A.13. The relative virtual fundamental class [X/Y ]vir ∈ Hrel∞
dimT vir

X/Y

(X/Y ) asso-

ciated to a perfect obstruction theory CX/Y → T vir
X/Y [1] is the image of the canonical degree

zero element in Hrel∞
∗ (CX/Y /Y ) under the proper pushforward map to Hrel∞

∗ (T vir
X/Y [1]/Y ),

followed by the identification of this group with Hrel∞
∗+dimT vir

X/Y

(X/Y ) from just above.
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A perfect obstruction theory on X → Y determines one on X ′ = X ×Y Y ′ → Y ′ for any
morphism Y ′ → Y , namely we take T vir

X′/Y ′ to be the pullback of T vir
X/Y , and we consider the

composition of the closed embedding CX′/Y ′ → CX/Y ×Y Y ′ with the pullback to Y ′ of the
map CX/Y → T vir

X/Y [1].

Lemma A.14. Fix a cartesian diagram

X ′ X

Y ′ Y

(A.12)

whose vertical arrows are Deligne–Mumford, and fix a perfect obstruction theory CX/Y →
T vir
X/Y [1] with pullback CX′/Y ′ → CX×Y ×Y Y ′ → T vir

X/Y [1] ×Y Y ′ = T vir
X′/Y ′ [1]. The pullback

map Hrel∞
∗ (X/Y )→ Hrel∞

∗ (X ′/Y ′) sends [X/Y ]vir to [X ′/Y ′]vir.

Proof. Immediate from Lemma A.8.

Given perfect obstruction theories on X → Y and X ′ → Y ′, their product is a perfect
obstruction theory onX×X ′ → Y×Y ′ (recall the isomorphism CX×X′/Y×Y ′

∼−→ CX/Y×CX′/Y ′
of Lemma A.4).

Lemma A.15. For Deligne–Mumford morphisms X → Y and X ′ → Y ′ with perfect obstruc-
tion theories, the virtual fundamental class [X × X ′/Y × Y ′]vir is the image of [X/Y ]vir ⊗
[X ′/Y ′]vir under the Künneth map Hrel∞

∗ (X/Y )⊗Hrel∞
∗ (X ′/Y ′)→ Hrel∞

∗ (X ×X ′/Y × Y ′).

Proof. Immediate from Lemma A.9.

Lemmas A.14 and A.15 together imply the compatibility of virtual fundamental classes
with fiber products.
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